
Dense for the Price of Sparse: Training Extremely Sparse 
Networks from Scratch with Random Sparse Support

Ilan Price1,2 & Jared Tanner1,2

MLC DLCT Presentation
1 Oct 2021

1Mathematical Institute, University of Oxford 
2The Alan Turing Institute



Outline

• Context: sparse deep networks and the goal of sparse training

• Sparse training vs (?) subspace training

• DCTpS: computationally efficient random subspace training

• Some results

• Limitations and open questions



Sparse Deep Networks

Sparsify weight 
matrices/tensors

• ‘Sparse’ deep learning can refer to multiple different things 
(See Hoefler et al1 for a full review). 

• Here we consider persistent (fixed for all inputs) sparsity of the weights

1Hoefler et al. “Sparsity in Deep Learning: Pruning and growth for efficient inference and 
training in neural networks” 2021
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• Deep networks are most-often vastly over parameterised. Parameter counts now range 
from

• We have known for a long time that we can ”prune” most of these while maintaining 
good accuracy 

Huge storage and computational savings (in theory at least)
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Sparse Deep Networks

• Deep networks are most-often vastly over parameterised. Parameter counts now range 
from

• We have known for a long time that we can ”prune” most of these while maintaining 
good accuracy 

Huge storage and computational savings (in theory at least)

• The most consistently successful methods: pruning during and/or after training 
(followed by some fine tuning) – e.g. Iterative Magnitude Pruning

• Can we prune before training? So storage and compute is cheaper during training too?
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Static sparse training1

• Naïve (uniform) random sparsification performs poorly at extreme 
sparsities

• The lottery ticket hypothesis (Frankle and Carbin, 2019):

A randomly-initialized, dense neural network contains a subnetwork that is 
initialized such that—when trained in isolation—it can match the test accuracy 

of the original network after training for at most the same number of 
iterations.

• How to find trainable, extremely sparse sub-networks in practice?

1. We will touch on Dynamic Sparse Training at the end

https://arxiv.org/pdf/1803.03635.pdf


Pruning at initialization (PaI)
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Pruning at initialization (PaI)



Standard Pruning At Initialisation (PaI)

Generic steps:

1. Initialize a dense network

2. Define scalar objective

3. Calculate vector of saliency scores

4. Prune parameters with lowest scores

<latexit sha1_base64="kXfaLST9Z4O6Q+gfl3SwwT8hO7g=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIqMeiF49VrC2koWy223bpJht2X4QS+jO8eFDEq7/Gm//GTZuDtg4sDDPvsfMmTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GpVqxltMSaU7ITVcipi3UKDknURzGoWSt8PxTe63n7g2QsUPOEl4ENFhLAaCUbSS340ojhiV2f20V625dXcGsky8gtSgQLNX/er2FUsjHiOT1BjfcxMMMqpRMMmnlW5qeELZmA65b2lMI26CbBZ5Sk6s0icDpe2LkczU3xsZjYyZRKGdzCOaRS8X//P8FAdXQSbiJEUes/lHg1QSVCS/n/SF5gzlxBLKtLBZCRtRTRnaliq2BG/x5GXyeFb3Luru3XmtcV3UUYYjOIZT8OASGnALTWgBAwXP8ApvDjovzrvzMR8tOcXOIfyB8/kDi8mRbQ==</latexit>

R
<latexit sha1_base64="DBZiaBYXrz2m29LcLCcdxOPvF9M="></latexit>

G(w) =
@R
@w

�w

SOTA
at Extreme 
Sparsities

<latexit sha1_base64="fEYVMoZ4sOr4y4jGIBCgnVM0a70="></latexit>

G(w) =

����
@L(w̄)

@w
�w

����FORCE1: SynFlow2:

<latexit sha1_base64="rRXuAFJTrjwB+E3VuvBKAEYLwc0="></latexit>

R = 1>

 
LY

l=1

|w[l]|
!
1

is the param vector post-pruning
<latexit sha1_base64="D3tYGR99UGSg3+zkQztkqDjjdAE=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQi6rLoxmUF+4AmlMl00g6dTMLMpFJC/sSNC0Xc+ifu/BsnbRbaemDgcM693DMnSDhT2nG+rcra+sbmVnW7trO7t39gHx51VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtM7gq/O6VSsVg86llC/QiPBAsZwdpIA9v2AiwzL8J6HITZU54P7LrTcOZAq8QtSR1KtAb2lzeMSRpRoQnHSvVdJ9F+hqVmhNO85qWKJphM8Ij2DRU4osrP5slzdGaUIQpjaZ7QaK7+3shwpNQsCsxkEVEte4X4n9dPdXjjZ0wkqaaCLA6FKUc6RkUNaMgkJZrPDMFEMpMVkTGWmGhTVs2U4C5/eZV0LhruVcN5uKw3b8s6qnACp3AOLlxDE+6hBW0gMIVneIU3K7NerHfrYzFascqdY/gD6/MHSZmUFg==</latexit>

w̄
<latexit sha1_base64="Bg1o1NdNVnBoBft0RrNNTsG5sY0=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUlE1GXRjcsK9gFpLJPppB06eTAzUUIaf8WNC0Xc+iHu/BsnbRfaemDgcM693DPHizmTyrK+jdLK6tr6RnmzsrW9s7tn7h+0ZZQIQlsk4pHoelhSzkLaUkxx2o0FxYHHaccbXxd+54EKyaLwTqUxdQM8DJnPCFZa6pvVSS/AauT52WOO7jOHu/mkb9asujUFWib2nNRgjmbf/OoNIpIENFSEYykd24qVm2GhGOE0r/QSSWNMxnhIHU1DHFDpZtPwOTrWygD5kdAvVGiq/t7IcCBlGnh6skgqF71C/M9zEuVfuhkL40TRkMwO+QlHKkJFE2jABCWKp5pgIpjOisgIC0yU7quiS7AXv7xM2qd1+7xu3Z7VGlfzOspwCEdwAjZcQANuoAktIJDCM7zCm/FkvBjvxsdstGTMd6rwB8bnD2A7lT0=</latexit>

|w[l]| is the element-wise absolute value of the parameters in the  th layer
<latexit sha1_base64="kkn2k0bqYAkHT7CpH47qDCf1UCE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUEP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5oVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTcmG4C2/vEpaF1Xvquo2Liu12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/gfP4A1a+M9Q==</latexit>

l

1 de Jorge, Pau, et al. "Progressive skeletonization: Trimming more fat from a network at initialization.” 2020
2 Tanaka, Hidenori, et al. "Pruning neural networks without any data by iteratively conserving synaptic flow.”, 
2020.



How important are these saliency scores at initialization?

1. After PaI we can often reshuffle the locations of the 
weights within layers and still train to the same accuracy2

2 Frankle et al. Pruning Neural Networks at Initialization: Why Are We Missing the Mark? ICLR2021

Pruning at initialization (PaI)



How important are these saliency scores at initialization?

1. After PaI we can often reshuffle the locations of the 
weights within layers and still train to the same accuracy2

2. Results from other literature on low effective 
dimensionality in network training

2 Frankle et al. Pruning Neural Networks at Initialization: Why Are We Missing the Mark? ICLR2021

Pruning at initialization (PaI)



Static 
Sparse

Training

Subspace 
training

Zooming out again…



Subspace Training

<latexit sha1_base64="PkE7jbo+nDL7d8U+hlJ/kPpUyps=">AAACC3icbVDLSsNAFJ34rPUVdelmaBEEoSQi6kYounFZwbSFJpTJZNIOnTyYuVFK6N6Nv+LGhSJu/QF3/o2TtoK2Hhg4c8693HuPnwquwLK+jIXFpeWV1dJaeX1jc2vb3NltqiSTlDk0EYls+0QxwWPmAAfB2qlkJPIFa/mDq8Jv3TGpeBLfwjBlXkR6MQ85JaClrllxIwJ9P8zvR/gC/3yCET7CDnahz4B0zapVs8bA88SekiqaotE1P90goVnEYqCCKNWxrRS8nEjgVLBR2c0USwkdkB7raBqTiCkvH98ywgdaCXCYSP1iwGP1d0dOIqWGka8ri2XVrFeI/3mdDMJzL+dxmgGL6WRQmAkMCS6CwQGXjIIYakKo5HpXTPtEEgo6vrIOwZ49eZ40j2v2ac26OanWL6dxlNA+qqBDZKMzVEfXqIEcRNEDekIv6NV4NJ6NN+N9UrpgTHv20B8YH9/EQpo6</latexit>

w = d+ U✓

<latexit sha1_base64="SY+9HrTcLh492D5EL8Ov6HuUhQw=">AAACEHicbVDLSsNAFJ34rPUVdelmsIgupCQi6rLoxpVUsQ9oYplMJu3QySTMTJQS8glu/BU3LhRx69Kdf+OkjaCtBwbOnHMv997jxYxKZVlfxszs3PzCYmmpvLyyurZubmw2ZZQITBo4YpFoe0gSRjlpKKoYaceCoNBjpOUNznO/dUeEpBG/UcOYuCHqcRpQjJSWuuaeEyLV94L0Pjv4oX4GHcrh+Oul19ntZblrVqyqNQKcJnZBKqBAvWt+On6Ek5BwhRmSsmNbsXJTJBTFjGRlJ5EkRniAeqSjKUchkW46OiiDu1rxYRAJ/biCI/V3R4pCKYehpyvzJeWkl4v/eZ1EBaduSnmcKMLxeFCQMKgimKcDfSoIVmyoCcKC6l0h7iOBsNIZ5iHYkydPk+Zh1T6uWldHldpZEUcJbIMdsA9scAJq4ALUQQNg8ACewAt4NR6NZ+PNeB+XzhhFzxb4A+PjG8TVnQY=</latexit>

w,d 2 RN

<latexit sha1_base64="BGaupUGJC8G4SIOfCpzsr/+xjVA=">AAACB3icbVBNS8NAEJ3Ur1q/oh4FWSyCp5KIqMeiF09SxX5AE8tmu2mXbjZhdyOU0JsX/4oXD4p49S9489+4aXvQ1gcDj/dmmJkXJJwp7TjfVmFhcWl5pbhaWlvf2Nyyt3caKk4loXUS81i2AqwoZ4LWNdOcthJJcRRw2gwGl7nffKBSsVjc6WFC/Qj3BAsZwdpIHXu/jjwmkBdh3Q+C7HZ0n10jT7OIKjQYlTp22ak4Y6B54k5JGaaodewvrxuTNKJCE46VartOov0MS80Ip6OSlyqaYDLAPdo2VGCzyM/Gf4zQoVG6KIylKaHRWP09keFIqWEUmM78XjXr5eJ/XjvV4bmfMZGkmgoyWRSmHOkY5aGgLpOUaD40BBPJzK2I9LHERJvo8hDc2ZfnSeO44p5WnJuTcvViGkcR9uAAjsCFM6jCFdSgDgQe4Rle4c16sl6sd+tj0lqwpjO78AfW5w+wR5iP</latexit>

U 2 RN⇥k

<latexit sha1_base64="xP7eusEdfqX6S0r66Sil7PX/9m0=">AAACA3icbVBNS8NAEN34WetX1JteFovgqSQi6rHoxWMV+wFNLJvtpl262YTdiVBCwIt/xYsHRbz6J7z5b9y0PWjrg4HHezPMzAsSwTU4zre1sLi0vLJaWiuvb2xubds7u00dp4qyBo1FrNoB0UxwyRrAQbB2ohiJAsFawfCq8FsPTGkeyzsYJcyPSF/ykFMCRura+x4MGBDscYm9iMAgCLLb/D4b5uWuXXGqzhh4nrhTUkFT1Lv2l9eLaRoxCVQQrTuuk4CfEQWcCpaXvVSzhNAh6bOOoZJETPvZ+IccHxmlh8NYmZKAx+rviYxEWo+iwHQWZ+pZrxD/8zophBd+xmWSApN0sihMBYYYF4HgHleMghgZQqji5lZMB0QRCia2IgR39uV50jypumdV5+a0UrucxlFCB+gQHSMXnaMaukZ11EAUPaJn9IrerCfrxXq3PiatC9Z0Zg/9gfX5A4/+l3g=</latexit>

✓ 2 Rk <latexit sha1_base64="g13VEk0uqAe4YTe/H4i2Od7HGJ4=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1CJF0MZKIpgPSI6wt9lL1uztHrt7QjjyH2wsFLH1/9j5b9xLrtDEBwOP92aYmRfEnGnjut9OYWV1bX2juFna2t7Z3SvvH7S0TBShTSK5VJ0Aa8qZoE3DDKedWFEcBZy2g/FN5refqNJMigcziakf4aFgISPYWKk1RrUauuuXK27VnQEtEy8nFcjR6Je/egNJkogKQzjWuuu5sfFTrAwjnE5LvUTTGJMxHtKupQJHVPvp7NopOrHKAIVS2RIGzdTfEymOtJ5Ege2MsBnpRS8T//O6iQmv/JSJODFUkPmiMOHISJS9jgZMUWL4xBJMFLO3IjLCChNjAyrZELzFl5dJ66zqXVTd+/NK/TqPowhHcAyn4MEl1OEWGtAEAo/wDK/w5kjnxXl3PuatBSefOYQ/cD5/AB3bjiw=</latexit>

k << N,

Network weights Trainable parameters

Fixed Subspace embedding

Fixed (untrainable)
offset



<latexit sha1_base64="PkE7jbo+nDL7d8U+hlJ/kPpUyps=">AAACC3icbVDLSsNAFJ34rPUVdelmaBEEoSQi6kYounFZwbSFJpTJZNIOnTyYuVFK6N6Nv+LGhSJu/QF3/o2TtoK2Hhg4c8693HuPnwquwLK+jIXFpeWV1dJaeX1jc2vb3NltqiSTlDk0EYls+0QxwWPmAAfB2qlkJPIFa/mDq8Jv3TGpeBLfwjBlXkR6MQ85JaClrllxIwJ9P8zvR/gC/3yCET7CDnahz4B0zapVs8bA88SekiqaotE1P90goVnEYqCCKNWxrRS8nEjgVLBR2c0USwkdkB7raBqTiCkvH98ywgdaCXCYSP1iwGP1d0dOIqWGka8ri2XVrFeI/3mdDMJzL+dxmgGL6WRQmAkMCS6CwQGXjIIYakKo5HpXTPtEEgo6vrIOwZ49eZ40j2v2ac26OanWL6dxlNA+qqBDZKMzVEfXqIEcRNEDekIv6NV4NJ6NN+N9UrpgTHv20B8YH9/EQpo6</latexit>

w = d+ U✓Sparse Networks:

zero vector

“k-sparse disjoint”:
• 1 non-zero per column
• ≤ 1 non-zero per row

PaI → Finding the right such U

Subspace Training



<latexit sha1_base64="PkE7jbo+nDL7d8U+hlJ/kPpUyps=">AAACC3icbVDLSsNAFJ34rPUVdelmaBEEoSQi6kYounFZwbSFJpTJZNIOnTyYuVFK6N6Nv+LGhSJu/QF3/o2TtoK2Hhg4c8693HuPnwquwLK+jIXFpeWV1dJaeX1jc2vb3NltqiSTlDk0EYls+0QxwWPmAAfB2qlkJPIFa/mDq8Jv3TGpeBLfwjBlXkR6MQ85JaClrllxIwJ9P8zvR/gC/3yCET7CDnahz4B0zapVs8bA88SekiqaotE1P90goVnEYqCCKNWxrRS8nEjgVLBR2c0USwkdkB7raBqTiCkvH98ywgdaCXCYSP1iwGP1d0dOIqWGka8ri2XVrFeI/3mdDMJzL+dxmgGL6WRQmAkMCS6CwQGXjIIYakKo5HpXTPtEEgo6vrIOwZ49eZ40j2v2ac26OanWL6dxlNA+qqBDZKMzVEfXqIEcRNEDekIv6NV4NJ6NN+N9UrpgTHv20B8YH9/EQpo6</latexit>

w = d+ U✓(Dense) low-dimensional
networks2 :

2 Li, Chunyuan, et al. "Measuring the Intrinsic Dimension of Objective Landscapes." International 
Conference on Learning Representations. 2018

e.g. Gaussian
<latexit sha1_base64="+6WRpMK0l3OHxIAatbBuZ4rixD8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cWTFtoQ9lsJ+3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqZNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0N/NbT6g0T+SDGacYxHQgecQZNVZq+L1yxa26c5BV4uWkAjnqvfJXt5+wLEZpmKBadzw3NcGEKsOZwGmpm2lMKRvRAXYslTRGHUzmh07JmVX6JEqULWnIXP09MaGx1uM4tJ0xNUO97M3E/7xOZqKbYMJlmhmUbLEoygQxCZl9TfpcITNibAllittbCRtSRZmx2ZRsCN7yy6ukeVH1rqpu47JSu83jKMIJnMI5eHANNbiHOvjAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHstOM3g==</latexit>

U
<latexit sha1_base64="yrCDcl0kkxlrgONW70lX85gxAcM=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIqMeiF48VbC22oWy2L+3SzSbsboQS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBD8H4JvcfnlBpHst7M0nQj+hQ8pAzaqz02IuoGQVhNpj2qzW37s5AlolXkBoUaParX71BzNIIpWGCat313MT4GVWGM4HTSi/VmFA2pkPsWipphNrPZomn5MQqAxLGyj5pyEz9vZHRSOtJFNjJPKFe9HLxP6+bmvDKz7hMUoOSzT8KU0FMTPLzyYArZEZMLKFMcZuVsBFVlBlbUsWW4C2evEzaZ3Xvou7endca10UdZTiCYzgFDy6hAbfQhBYwkPAMr/DmaOfFeXc+5qMlp9g5hD9wPn8A4HuRDQ==</latexit>

d standard NN init

<latexit sha1_base64="r25rAYXsmAt+0tFnPrw1pOd9T0g=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bp7ibsboQS+hu8eFDEqz/Im//GTZqDtj4YeLw3w8y8MOFMG9f9dipr6xubW9Xt2s7u3v5B/fCoo+NUEeqTmMeqF2JNOZPUN8xw2ksUxSLktBtO73K/+0SVZrF8NLOEBgKPJYsYwcZK/kAzURvWG27TLYBWiVeSBpRoD+tfg1FMUkGlIRxr3ffcxAQZVoYRTue1QappgskUj2nfUokF1UFWHDtHZ1YZoShWtqRBhfp7IsNC65kIbafAZqKXvVz8z+unJroJMiaT1FBJFouilCMTo/xzNGKKEsNnlmCimL0VkQlWmBibTx6Ct/zyKulcNL2rpvtw2WjdlnFU4QRO4Rw8uIYW3EMbfCDA4Ble4c2Rzovz7nwsWitOOXMMf+B8/gBXDI5g</latexit>⇠
<latexit sha1_base64="r25rAYXsmAt+0tFnPrw1pOd9T0g=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bp7ibsboQS+hu8eFDEqz/Im//GTZqDtj4YeLw3w8y8MOFMG9f9dipr6xubW9Xt2s7u3v5B/fCoo+NUEeqTmMeqF2JNOZPUN8xw2ksUxSLktBtO73K/+0SVZrF8NLOEBgKPJYsYwcZK/kAzURvWG27TLYBWiVeSBpRoD+tfg1FMUkGlIRxr3ffcxAQZVoYRTue1QappgskUj2nfUokF1UFWHDtHZ1YZoShWtqRBhfp7IsNC65kIbafAZqKXvVz8z+unJroJMiaT1FBJFouilCMTo/xzNGKKEsNnlmCimL0VkQlWmBibTx6Ct/zyKulcNL2rpvtw2WjdlnFU4QRO4Rw8uIYW3EMbfCDA4Ble4c2Rzovz7nwsWitOOXMMf+B8/gBXDI5g</latexit>⇠

Randomly sampled

Excellent performance with extremely 
few trainable parameters…

but still dense

Subspace Training



Interlude: a “Trend”?

• A Generalized Lottery Ticket Hypothesis, Alabdulmohsin, Tolstikhin et al. 2021 

“We introduce a generalization to the lottery ticket hypothesis in which the notion of “sparsity” 
is relaxed by choosing an arbitrary basis in the space of parameters.” 

• How many degrees of freedom do we need to train deep networks: a loss 
landscape perspective, Larson et al, 2021

“recent works, spanning pruning, lottery tickets, and training within random subspaces, have 
shown that deep neural networks can be trained using far fewer degrees of freedom than the 

total number of parameters”



Where were we…

Accuracy: random subspace >> “random pruning” subspace

Try and get the best of both worlds: efficiency of sparse nets with random subspace selection.

Compute/Storage: random subspace << “random pruning” subspace



Where were we…

Accuracy: random subspace >> “random pruning” subspace

Important features:

1. Random subspace training → Offset from the origin
2. Random subspace training & pruning at init → “Layer-wise 

distribution” of trainable parameters. 

Try and get the best of both worlds: efficiency of sparse nets with random subspace selection.

Compute/Storage: random subspace << “random pruning” subspace



Best of both: Dense for the Price of Sparse
<latexit sha1_base64="PkE7jbo+nDL7d8U+hlJ/kPpUyps=">AAACC3icbVDLSsNAFJ34rPUVdelmaBEEoSQi6kYounFZwbSFJpTJZNIOnTyYuVFK6N6Nv+LGhSJu/QF3/o2TtoK2Hhg4c8693HuPnwquwLK+jIXFpeWV1dJaeX1jc2vb3NltqiSTlDk0EYls+0QxwWPmAAfB2qlkJPIFa/mDq8Jv3TGpeBLfwjBlXkR6MQ85JaClrllxIwJ9P8zvR/gC/3yCET7CDnahz4B0zapVs8bA88SekiqaotE1P90goVnEYqCCKNWxrRS8nEjgVLBR2c0USwkdkB7raBqTiCkvH98ywgdaCXCYSP1iwGP1d0dOIqWGka8ri2XVrFeI/3mdDMJzL+dxmgGL6WRQmAkMCS6CwQGXjIIYakKo5HpXTPtEEgo6vrIOwZ49eZ40j2v2ac26OanWL6dxlNA+qqBDZKMzVEfXqIEcRNEDekIv6NV4NJ6NN+N9UrpgTHv20B8YH9/EQpo6</latexit>

w = d+ U✓

“k-sparse disjoint”:
• 1 non-zero per column
• ≤ 1 non-zero per row

Dense but fixed (untrainable)



DCT plus Sparse
<latexit sha1_base64="PkE7jbo+nDL7d8U+hlJ/kPpUyps=">AAACC3icbVDLSsNAFJ34rPUVdelmaBEEoSQi6kYounFZwbSFJpTJZNIOnTyYuVFK6N6Nv+LGhSJu/QF3/o2TtoK2Hhg4c8693HuPnwquwLK+jIXFpeWV1dJaeX1jc2vb3NltqiSTlDk0EYls+0QxwWPmAAfB2qlkJPIFa/mDq8Jv3TGpeBLfwjBlXkR6MQ85JaClrllxIwJ9P8zvR/gC/3yCET7CDnahz4B0zapVs8bA88SekiqaotE1P90goVnEYqCCKNWxrRS8nEjgVLBR2c0USwkdkB7raBqTiCkvH98ywgdaCXCYSP1iwGP1d0dOIqWGka8ri2XVrFeI/3mdDMJzL+dxmgGL6WRQmAkMCS6CwQGXjIIYakKo5HpXTPtEEgo6vrIOwZ49eZ40j2v2ac26OanWL6dxlNA+qqBDZKMzVEfXqIEcRNEDekIv6NV4NJ6NN+N9UrpgTHv20B8YH9/EQpo6</latexit>

w = d+ U✓

+=

Each weight matrix W:

W = D + S (D dense, S sparse)

Setting D to be the discrete-cosine-
transform matrix, then 

⟹W = DCT      + S
<latexit sha1_base64="kW5i1B9JrYQyrHM0hab9scb/Mow=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXRD0GvXiMaB6QhDA76U2GzM4uM7NiWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dfiy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUy6caBZdYN9wIbMUKaegLbPqjm6nffESleSQfzDjGbkgHkgecUWOl+/LTaa9YcivuDGSZeBkpQYZar/jV6UcsCVEaJqjWbc+NTTelynAmcFLoJBpjykZ0gG1LJQ1Rd9PZqRNyYpU+CSJlSxoyU39PpDTUehz6tjOkZqgXvan4n9dOTHDVTbmME4OSzRcFiSAmItO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt8eZk0zireRcW9Oy9Vr7M48nAEx1AGDy6hCrdQgzowGMAzvMKbI5wX5935mLfmnGzmEP7A+fwBrUSNZg==</latexit>

(x) <latexit sha1_base64="ERh0C4i9tpPdHazPxTyqV7q4prk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68diC/YA2lM120q7dbMLuRiyhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD59+NAQ==</latexit>x<latexit sha1_base64="ERh0C4i9tpPdHazPxTyqV7q4prk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68diC/YA2lM120q7dbMLuRiyhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD59+NAQ==</latexit>x

00 1 0 …0 … …

00 1 0 0 … ……



DCT plus Sparse
<latexit sha1_base64="PkE7jbo+nDL7d8U+hlJ/kPpUyps=">AAACC3icbVDLSsNAFJ34rPUVdelmaBEEoSQi6kYounFZwbSFJpTJZNIOnTyYuVFK6N6Nv+LGhSJu/QF3/o2TtoK2Hhg4c8693HuPnwquwLK+jIXFpeWV1dJaeX1jc2vb3NltqiSTlDk0EYls+0QxwWPmAAfB2qlkJPIFa/mDq8Jv3TGpeBLfwjBlXkR6MQ85JaClrllxIwJ9P8zvR/gC/3yCET7CDnahz4B0zapVs8bA88SekiqaotE1P90goVnEYqCCKNWxrRS8nEjgVLBR2c0USwkdkB7raBqTiCkvH98ywgdaCXCYSP1iwGP1d0dOIqWGka8ri2XVrFeI/3mdDMJzL+dxmgGL6WRQmAkMCS6CwQGXjIIYakKo5HpXTPtEEgo6vrIOwZ49eZ40j2v2ac26OanWL6dxlNA+qqBDZKMzVEfXqIEcRNEDekIv6NV4NJ6NN+N9UrpgTHv20B8YH9/EQpo6</latexit>

w = d+ U✓

+=

• No storage
• compute

<latexit sha1_base64="Qcj/N+Z5AWcloeKLasythoaH91Y=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iEuimJiLosunFnBfuAppTJdNIOnUzCzESoofgrblwo4tb/cOffOGmz0NYDA4dz7uWeOX7MmdKO820VlpZXVteK66WNza3tHXt3r6miRBLaIBGPZNvHinImaEMzzWk7lhSHPqctf3Sd+a0HKhWLxL0ex7Qb4oFgASNYG6lnH3gh1kOCeXo7qQiPRwMkTnp22ak6U6BF4uakDDnqPfvL60ckCanQhGOlOq4T626KpWaE00nJSxSNMRnhAe0YKnBIVTedpp+gY6P0URBJ84RGU/X3RopDpcahbyazrGrey8T/vE6ig8tuykScaCrI7FCQcKQjlFWB+kxSovnYEEwkM1kRGWKJiTaFlUwJ7vyXF0nztOqeV527s3LtKq+jCIdwBBVw4QJqcAN1aACBR3iGV3iznqwX6936mI0WrHxnH/7A+vwB7ZqU4A==</latexit>

O(n log n)

Each weight matrix W:

W = D + S (D dense, S sparse)

Setting D to be the discrete-cosine-
transform matrix, then 

⟹W = DCT      + S
<latexit sha1_base64="kW5i1B9JrYQyrHM0hab9scb/Mow=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXRD0GvXiMaB6QhDA76U2GzM4uM7NiWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dfiy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUy6caBZdYN9wIbMUKaegLbPqjm6nffESleSQfzDjGbkgHkgecUWOl+/LTaa9YcivuDGSZeBkpQYZar/jV6UcsCVEaJqjWbc+NTTelynAmcFLoJBpjykZ0gG1LJQ1Rd9PZqRNyYpU+CSJlSxoyU39PpDTUehz6tjOkZqgXvan4n9dOTHDVTbmME4OSzRcFiSAmItO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt8eZk0zireRcW9Oy9Vr7M48nAEx1AGDy6hCrdQgzowGMAzvMKbI5wX5935mLfmnGzmEP7A+fwBrUSNZg==</latexit>

(x) <latexit sha1_base64="ERh0C4i9tpPdHazPxTyqV7q4prk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68diC/YA2lM120q7dbMLuRiyhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD59+NAQ==</latexit>x<latexit sha1_base64="ERh0C4i9tpPdHazPxTyqV7q4prk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68diC/YA2lM120q7dbMLuRiyhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD59+NAQ==</latexit>x

00 1 0 …0 … …

00 1 0 0 … ……



DCT plus Sparse
<latexit sha1_base64="PkE7jbo+nDL7d8U+hlJ/kPpUyps=">AAACC3icbVDLSsNAFJ34rPUVdelmaBEEoSQi6kYounFZwbSFJpTJZNIOnTyYuVFK6N6Nv+LGhSJu/QF3/o2TtoK2Hhg4c8693HuPnwquwLK+jIXFpeWV1dJaeX1jc2vb3NltqiSTlDk0EYls+0QxwWPmAAfB2qlkJPIFa/mDq8Jv3TGpeBLfwjBlXkR6MQ85JaClrllxIwJ9P8zvR/gC/3yCET7CDnahz4B0zapVs8bA88SekiqaotE1P90goVnEYqCCKNWxrRS8nEjgVLBR2c0USwkdkB7raBqTiCkvH98ywgdaCXCYSP1iwGP1d0dOIqWGka8ri2XVrFeI/3mdDMJzL+dxmgGL6WRQmAkMCS6CwQGXjIIYakKo5HpXTPtEEgo6vrIOwZ49eZ40j2v2ac26OanWL6dxlNA+qqBDZKMzVEfXqIEcRNEDekIv6NV4NJ6NN+N9UrpgTHv20B8YH9/EQpo6</latexit>

w = d+ U✓

+=

Each weight matrix W:

W = D + S (D dense, S sparse)

Setting D to be the discrete-cosine-
transform matrix, then 

⟹W = DCT      + S
<latexit sha1_base64="kW5i1B9JrYQyrHM0hab9scb/Mow=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXRD0GvXiMaB6QhDA76U2GzM4uM7NiWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dfiy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUy6caBZdYN9wIbMUKaegLbPqjm6nffESleSQfzDjGbkgHkgecUWOl+/LTaa9YcivuDGSZeBkpQYZar/jV6UcsCVEaJqjWbc+NTTelynAmcFLoJBpjykZ0gG1LJQ1Rd9PZqRNyYpU+CSJlSxoyU39PpDTUehz6tjOkZqgXvan4n9dOTHDVTbmME4OSzRcFiSAmItO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt8eZk0zireRcW9Oy9Vr7M48nAEx1AGDy6hCrdQgzowGMAzvMKbI5wX5935mLfmnGzmEP7A+fwBrUSNZg==</latexit>

(x) <latexit sha1_base64="ERh0C4i9tpPdHazPxTyqV7q4prk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68diC/YA2lM120q7dbMLuRiyhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD59+NAQ==</latexit>x<latexit sha1_base64="ERh0C4i9tpPdHazPxTyqV7q4prk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68diC/YA2lM120q7dbMLuRiyhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD59+NAQ==</latexit>x

00 1 0 …0 … …

00 1 0 0 … ……



Each weight matrix W:

W = D + S (D dense, S sparse)

Setting D to be the discrete-cosine-
transform matrix, then 

⟹W   = DCT      + S

<latexit sha1_base64="PkE7jbo+nDL7d8U+hlJ/kPpUyps=">AAACC3icbVDLSsNAFJ34rPUVdelmaBEEoSQi6kYounFZwbSFJpTJZNIOnTyYuVFK6N6Nv+LGhSJu/QF3/o2TtoK2Hhg4c8693HuPnwquwLK+jIXFpeWV1dJaeX1jc2vb3NltqiSTlDk0EYls+0QxwWPmAAfB2qlkJPIFa/mDq8Jv3TGpeBLfwjBlXkR6MQ85JaClrllxIwJ9P8zvR/gC/3yCET7CDnahz4B0zapVs8bA88SekiqaotE1P90goVnEYqCCKNWxrRS8nEjgVLBR2c0USwkdkB7raBqTiCkvH98ywgdaCXCYSP1iwGP1d0dOIqWGka8ri2XVrFeI/3mdDMJzL+dxmgGL6WRQmAkMCS6CwQGXjIIYakKo5HpXTPtEEgo6vrIOwZ49eZ40j2v2ac26OanWL6dxlNA+qqBDZKMzVEfXqIEcRNEDekIv6NV4NJ6NN+N9UrpgTHv20B8YH9/EQpo6</latexit>

w = d+ U✓

+=

00 1 0 …0 … …

00 1 0 0 … ……

⟹W   =    DCT      + S<latexit sha1_base64="UMRyW/2KNqx+Ize3xcKuluxaaHo=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ6YObd0V3bisYB/QDiWTZtrYTDIkGaEM/Qc3LhRx6/+482/MtBVU9MCFwzn3cu89YcKZNgh9OCura+sbm4Wt4vbO7t5+6eCwrWWqCG0RyaXqhlhTzgRtGWY47SaK4jjktBNOrnK/c0+VZlLcmmlCgxiPBIsYwcZK7T7myRgPSmXkXtSrFb8KkYtQzat4OanU/HMfelbJUQZLNAel9/5QkjSmwhCOte55KDFBhpVhhNNZsZ9qmmAywSPas1TgmOogm187g6dWGcJIKlvCwLn6fSLDsdbTOLSdMTZj/dvLxb+8XmqiepAxkaSGCrJYFKUcGgnz1+GQKUoMn1qCiWL2VkjGWGFibEBFG8LXp/B/0q64XtVFN365cbmMowCOwQk4Ax6ogQa4Bk3QAgTcgQfwBJ4d6Tw6L87ronXFWc4cgR9w3j4B7TaPXw==</latexit>↵
<latexit sha1_base64="kW5i1B9JrYQyrHM0hab9scb/Mow=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXRD0GvXiMaB6QhDA76U2GzM4uM7NiWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dfiy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUy6caBZdYN9wIbMUKaegLbPqjm6nffESleSQfzDjGbkgHkgecUWOl+/LTaa9YcivuDGSZeBkpQYZar/jV6UcsCVEaJqjWbc+NTTelynAmcFLoJBpjykZ0gG1LJQ1Rd9PZqRNyYpU+CSJlSxoyU39PpDTUehz6tjOkZqgXvan4n9dOTHDVTbmME4OSzRcFiSAmItO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt8eZk0zireRcW9Oy9Vr7M48nAEx1AGDy6hCrdQgzowGMAzvMKbI5wX5935mLfmnGzmEP7A+fwBrUSNZg==</latexit>

(x) <latexit sha1_base64="ERh0C4i9tpPdHazPxTyqV7q4prk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68diC/YA2lM120q7dbMLuRiyhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD59+NAQ==</latexit>x<latexit sha1_base64="ERh0C4i9tpPdHazPxTyqV7q4prk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68diC/YA2lM120q7dbMLuRiyhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD59+NAQ==</latexit>x

(We also add single trainable scaling param for DCT:)

<latexit sha1_base64="kW5i1B9JrYQyrHM0hab9scb/Mow=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXRD0GvXiMaB6QhDA76U2GzM4uM7NiWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dfiy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUy6caBZdYN9wIbMUKaegLbPqjm6nffESleSQfzDjGbkgHkgecUWOl+/LTaa9YcivuDGSZeBkpQYZar/jV6UcsCVEaJqjWbc+NTTelynAmcFLoJBpjykZ0gG1LJQ1Rd9PZqRNyYpU+CSJlSxoyU39PpDTUehz6tjOkZqgXvan4n9dOTHDVTbmME4OSzRcFiSAmItO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt8eZk0zireRcW9Oy9Vr7M48nAEx1AGDy6hCrdQgzowGMAzvMKbI5wX5935mLfmnGzmEP7A+fwBrUSNZg==</latexit>

(x) <latexit sha1_base64="ERh0C4i9tpPdHazPxTyqV7q4prk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68diC/YA2lM120q7dbMLuRiyhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD59+NAQ==</latexit>x<latexit sha1_base64="ERh0C4i9tpPdHazPxTyqV7q4prk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68diC/YA2lM120q7dbMLuRiyhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD59+NAQ==</latexit>x

DCT plus Sparse



<latexit sha1_base64="PkE7jbo+nDL7d8U+hlJ/kPpUyps=">AAACC3icbVDLSsNAFJ34rPUVdelmaBEEoSQi6kYounFZwbSFJpTJZNIOnTyYuVFK6N6Nv+LGhSJu/QF3/o2TtoK2Hhg4c8693HuPnwquwLK+jIXFpeWV1dJaeX1jc2vb3NltqiSTlDk0EYls+0QxwWPmAAfB2qlkJPIFa/mDq8Jv3TGpeBLfwjBlXkR6MQ85JaClrllxIwJ9P8zvR/gC/3yCET7CDnahz4B0zapVs8bA88SekiqaotE1P90goVnEYqCCKNWxrRS8nEjgVLBR2c0USwkdkB7raBqTiCkvH98ywgdaCXCYSP1iwGP1d0dOIqWGka8ri2XVrFeI/3mdDMJzL+dxmgGL6WRQmAkMCS6CwQGXjIIYakKo5HpXTPtEEgo6vrIOwZ49eZ40j2v2ac26OanWL6dxlNA+qqBDZKMzVEfXqIEcRNEDekIv6NV4NJ6NN+N9UrpgTHv20B8YH9/EQpo6</latexit>

w = d+ U✓

+=

00 1 0 …0 … …

00 1 0 0 … ……

Distribution of 1-sparse rows

⟷
Distribution of trainable parameters 

across and within S matrices

DCT plus Sparse



<latexit sha1_base64="PkE7jbo+nDL7d8U+hlJ/kPpUyps=">AAACC3icbVDLSsNAFJ34rPUVdelmaBEEoSQi6kYounFZwbSFJpTJZNIOnTyYuVFK6N6Nv+LGhSJu/QF3/o2TtoK2Hhg4c8693HuPnwquwLK+jIXFpeWV1dJaeX1jc2vb3NltqiSTlDk0EYls+0QxwWPmAAfB2qlkJPIFa/mDq8Jv3TGpeBLfwjBlXkR6MQ85JaClrllxIwJ9P8zvR/gC/3yCET7CDnahz4B0zapVs8bA88SekiqaotE1P90goVnEYqCCKNWxrRS8nEjgVLBR2c0USwkdkB7raBqTiCkvH98ywgdaCXCYSP1iwGP1d0dOIqWGka8ri2XVrFeI/3mdDMJzL+dxmgGL6WRQmAkMCS6CwQGXjIIYakKo5HpXTPtEEgo6vrIOwZ49eZ40j2v2ac26OanWL6dxlNA+qqBDZKMzVEfXqIEcRNEDekIv6NV4NJ6NN+N9UrpgTHv20B8YH9/EQpo6</latexit>

w = d+ U✓

+=

00 1 0 …0 … …

00 1 0 0 … ……

Distribution of 1-sparse rows

⟷
Distribution of trainable parameters 

across and within S matrices

“Equal per layer” (EPL): 

• trainable params in each S
• Locations in S uniformly random
• No initialization of the dense net

<latexit sha1_base64="Vu6s7YFGOEM7Lww0EyI6JbbU8E8=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRiwcPFawtpKVstpt26WYTdidCCfkZXjwo4tVf481/47bNQVsfDDzem2FmXpBIYdB1v53Syura+kZ5s7K1vbO7V90/eDRxqhlvsVjGuhNQw6VQvIUCJe8kmtMokLwdjG+mfvuJayNi9YCThPciOlQiFIyilfxuqCnLxnl2l/erNbfuzkCWiVeQGhRo9qtf3UHM0ogrZJIa43tugr2MahRM8rzSTQ1PKBvTIfctVTTippfNTs7JiVUGJIy1LYVkpv6eyGhkzCQKbGdEcWQWvan4n+enGF71MqGSFLli80VhKgnGZPo/GQjNGcqJJZRpYW8lbERtCmhTqtgQvMWXl8njWd27qLv357XGdRFHGY7gGE7Bg0towC00oQUMYniGV3hz0Hlx3p2PeWvJKWYO4Q+czx+7OJGM</latexit>

k

L

DCT plus Sparse



DCT plus Sparse



DCT plus Sparse

<latexit sha1_base64="gt6fKZLjKDN4wFIX67fGBHH1pFI="></latexit>

W 2 Rm⇥n

q = max(m,n)

p =
kWk0
mn



DCT plus Sparse

<latexit sha1_base64="L0U29RGSQ2iu9gmyRstuTy/KA4E=">AAACJ3icbVDLSgNBEJz1bXxFPXoZDIqnsCtBvSiiBz2FCIkK2RBmJx0dMjuzzPSqYcnfePFXvAgqokf/xEkM+CxoKKq66e6KEiks+v6bNzI6Nj4xOTWdm5mdm1/ILy6dWp0aDjWupTbnEbMghYIaCpRwnhhgcSThLOoc9v2zKzBWaFXFbgKNmF0o0RacoZOa+b0KXd+lIcINZkdSR0zSFigrsNujYZgrf7lVjc4sA15r06EVZlhse818wS/6A9C/JBiSAhmi0sw/hi3N0xgUcsmsrQd+go2MGRRcQi8XphYSxjvsAuqOKhaDbWSDP3t0zSkt2tbGlUI6UL9PZO4k240j1xkzvLS/vb74n1dPsb3TyIRKUgTFPxe1U0lR035otCUMcJRdRxg3wt1K+aVLgKOLNudCCH6//JecbhaDrWLppFTYPxjGMUVWyCrZIAHZJvvkmFRIjXByS+7JE3n27rwH78V7/Wwd8YYzy+QHvPcPYSGlGw==</latexit>

P = Global density

N = Total Network Params



Interlude: a “Trend”?

Doping: A technique for efficient compression of 
LSTM models using sparse structured additive 
matrices, Thakker et al, 2021

Key difference:
Needs to be 

trained and stored



Dynamic Sparse Training

● Static sparse training chooses support set of w, then keeps fixed during training.

● DST instead jointly optimises topology and weights, subject to fixed sparsity level

● Start sparse, then: Train, Prune, Regrow, Repeat.



Dynamic Sparse Training

● Static sparse training chooses support set of w, then keeps fixed during training.

● DST instead jointly optimises topology and weights, subject to fixed sparsity level

● Start sparse, then: Train, Prune, Regrow, Repeat.



Dynamic Sparse Training

● Static sparse training chooses support set of w, then keeps fixed during training.

● DST instead jointly optimises topology and weights, subject to fixed sparsity level

● Start sparse, then: Train, Prune, Regrow, Repeat.



Combining with Dynamic Sparse training

Straightforwardly combined 
with DCTpS:

Apply DST to the sparse, 
trainable matrices in each layer



Combining with Dynamic Sparse training

Where are connections initialized? 

Which to prune? 

Which to regrow? 

Where can they regrow? 



Combining with Rig-L1

Where are connections initialized? Initialise all Wi as modified Erdos Reyni random bipartite 
graph, (Details not NB)

Which to prune? Smallest Magnitude

Which to regrow? Largest magnitude gradient

Where can they regrow? Within the same layer

1Evci et al. “Rigging the Lottery: Making All Tickets Winners”, 2020



Some Results
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MobileNetV2 on CIFAR10 ResNet50 on CIFAR100

Tanaka et al. "Pruning neural networks without any data by iteratively conserving synaptic flow”, 2020
De Jorge et al “Progressive Skeletonization: Trimming more fat from a network at initialization” , 2021
Evci et al. “Rigging the Lottery: Making All Tickets Winners”, 2020



Without Batchnorm

FixUpResnet110 on CIFAR10
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Other support distributions?

“Equal per Filter” (EPF)

(A version of N:M sparsity)



Limitations

• Computational floor imposed by the DCT – can push storage, not compute, 
down to the extremes. Q: more efficient ways to achieve an appropriate offset?
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Limitations

• Computational floor imposed by the DCT – can push storage, not compute, 
down to the extremes. Q: more efficient ways to achieve an appropriate offset?

• Gains are hardware and implementation dependent – so far these are gains “in 
theory” 

• Does not speak to the more general question about how best to use 
parameters (sparser, larger net vs denser, smaller net, etc)

• Shrinks the storage footprint of the network – but the hidden representations 
are not sparse and can be very large (same for all sparse nets)



Thank you

Reach out on ilan.price@maths.ox.ac.uk or @IlanPrice

mailto:ilan.price@maths.ox.ac.uk


Compared with Random Subspace?

Lenet-5 on CIFAR-10



What if we fixed α ?



DCTpS Convolutional Layers

Forward pass Backprop



When is training possible?

Jacobian Spectra


