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Motivating Application: Virtual Drug Screening 
• CMap: ~1.3 million gene expression vectors across ~70 cell types and ~20000 perturbations

• [A. Subramanian, R. Narayan, S.M. Corsello, et al., Cell, 2017]
• Sequencing all drug and cell type combinations is computationally difficult. 
• Goal: Predict expression for unseen cell type and drug combinations from observed data.

Availability in a subset of CMap
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Standard Approaches for Matrix Completion
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Low Rank Reconstruction

<latexit sha1_base64="soymPTnW3CMo+0/1t4ca43xTqwE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALorjOY=</latexit>
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<latexit sha1_base64="8LVrqJucQl9xNwsjgr7UF8xAfX0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2bssV+qVUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP4+7jMo=</latexit>=
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<latexit sha1_base64="2DfdF1l21+C75cp/xOVABOCQskw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqreZbV2X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuRmPPQ==</latexit>⇥

<latexit sha1_base64="2Wv5ptmGIvppLR8c8p5Q3ojSPwM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00O57/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVe+yWruvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AHcSY2I</latexit>

W1
<latexit sha1_base64="5s1GS/U4qnl6GSCGsxFj5kn3U+g=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHoxWNF+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WjmSToR3QoecgZNVZ6aPer/VLZrbhzkFXi5aQMORr90ldvELM0QmmYoFp3PTcxfkaV4UzgtNhLNSaUjekQu5ZKGqH2s/mpU3JulQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtO0YbgLb+8SlrVindZqd3XyvWbPI4CnMIZXIAHV1CHO2hAExgM4Rle4c0Rzovz7nwsWtecfOYE/sD5/AHdzY2J</latexit>

W2



Low Rank Completions are not always Ideal 

Low Rank Reconstruction
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Nonlinear Framework for Matrix Completion

Standard Linear Approach

Our Proposed Framework

<latexit sha1_base64="qL+YLdMUiHNzJlhLLoenKYv70l4=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSLUTUmkqBuh6MZlBfuQtpTJdNIOnUzCzEQsIb/ixoUibv0Rd/6NkzYLbT0wcDjnXu6Z40WcKe0439bK6tr6xmZhq7i9s7u3bx+UWiqMJaFNEvJQdjysKGeCNjXTnHYiSXHgcdr2JjeZ336kUrFQ3OtpRPsBHgnmM4K1kQZ26QFdIb/SC7Aee37STk/RwC47VWcGtEzcnJQhR2Ngf/WGIYkDKjThWKmu60S6n2CpGeE0LfZiRSNMJnhEu4YKHFDVT2bZU3RilCHyQ2me0Gim/t5IcKDUNPDMZJZRLXqZ+J/XjbV/2U+YiGJNBZkf8mOOdIiyItCQSUo0nxqCiWQmKyJjLDHRpq6iKcFd/PIyaZ1V3fNq7a5Wrl/ndRTgCI6hAi5cQB1uoQFNIPAEz/AKb1ZqvVjv1sd8dMXKdw7hD6zPHxUokzI=</latexit>

Y = f(W)

<latexit sha1_base64="g5D6+A2euNKrnWaaqaI7MVmtsLk=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBahbkoiRd0IRTcuK9iHtiFMppN26OTBzEQoof6KGxeKuPVD3Pk3TtostPXAwOGce7lnjhdzJpVlfRuFldW19Y3iZmlre2d3z9w/aMsoEYS2SMQj0fWwpJyFtKWY4rQbC4oDj9OON77O/M4jFZJF4Z2axNQJ8DBkPiNYack1y/foEvnuQ7UfYDXy/LQzPXHNilWzZkDLxM5JBXI0XfOrP4hIEtBQEY6l7NlWrJwUC8UIp9NSP5E0xmSMh7SnaYgDKp10Fn6KjrUyQH4k9AsVmqm/N1IcSDkJPD2ZRZSLXib+5/US5V84KQvjRNGQzA/5CUcqQlkTaMAEJYpPNMFEMJ0VkREWmCjdV0mXYC9+eZm0T2v2Wa1+W680rvI6inAIR1AFG86hATfQhBYQmMAzvMKb8WS8GO/Gx3y0YOQ7ZfgD4/MHKBmT1Q==</latexit>

Y = fZ(W)
<latexit sha1_base64="12W/AgbkanCB6GbDDJYPfI62u5w=">AAACB3icbVBNS8NAEN3Ur1q/oh4FWWyFeilJERVBKIrgsYJtqm0Im+22XbrZhN2NWEJvXvwrXjwo4tW/4M1/47bNQVsfDDzem2Fmnh8xKpVlfRuZufmFxaXscm5ldW19w9zcqsswFpjUcMhC0fCRJIxyUlNUMdKIBEGBz4jj9y9GvnNPhKQhv1GDiLgB6nLaoRgpLXnm7uUDCiJGTmHhFp5Bx7NhK+rRouOV4d1BwTPzVskaA84SOyV5kKLqmV+tdojjgHCFGZKyaVuRchMkFMWMDHOtWJII4T7qkqamHAVEusn4jyHc10obdkKhiys4Vn9PJCiQchD4ujNAqienvZH4n9eMVefETSiPYkU4nizqxAyqEI5CgW0qCFZsoAnCgupbIe4hgbDS0eV0CPb0y7OkXi7ZR6XD63K+cp7GkQU7YA8UgQ2OQQVcgSqoAQwewTN4BW/Gk/FivBsfk9aMkc5sgz8wPn8Ab2qWeQ==</latexit>

Example: Y = W1�(W2Z)

<latexit sha1_base64="Ry/Pvj4mawx8kxYb9JpjcMZnie8=">AAAB/3icbVDLSgMxFM34rPU1KrhxE2wFV2WmiIogFEVwWcE+pB2GTJppQ5PMkGTEMnbhr7hxoYhbf8Odf2PazkJbD1w4nHMv994TxIwq7Tjf1tz8wuLScm4lv7q2vrFpb23XVZRITGo4YpFsBkgRRgWpaaoZacaSIB4w0gj6lyO/cU+kopG41YOYeBx1BQ0pRtpIvr179YB4zMgZLN7Bc9jwXVPlom8XnJIzBpwlbkYKIEPVt7/anQgnnAiNGVKq5Tqx9lIkNcWMDPPtRJEY4T7qkpahAnGivHR8/xAeGKUDw0iaEhqO1d8TKeJKDXhgOjnSPTXtjcT/vFaiw1MvpSJONBF4sihMGNQRHIUBO1QSrNnAEIQlNbdC3EMSYW0iy5sQ3OmXZ0m9XHKPS0c35ULlIosjB/bAPjgELjgBFXANqqAGMHgEz+AVvFlP1ov1bn1MWuesbGYH/IH1+QNiVpPB</latexit>

Example: Y = W1W2

<latexit sha1_base64="8LVrqJucQl9xNwsjgr7UF8xAfX0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2bssV+qVUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP4+7jMo=</latexit>= <latexit sha1_base64="2DfdF1l21+C75cp/xOVABOCQskw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqreZbV2X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuRmPPQ==</latexit>⇥

<latexit sha1_base64="8LVrqJucQl9xNwsjgr7UF8xAfX0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2bssV+qVUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP4+7jMo=</latexit>=

<latexit sha1_base64="soymPTnW3CMo+0/1t4ca43xTqwE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALorjOY=</latexit>

Y
<latexit sha1_base64="2Wv5ptmGIvppLR8c8p5Q3ojSPwM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00O57/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVe+yWruvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AHcSY2I</latexit>

W1
<latexit sha1_base64="5s1GS/U4qnl6GSCGsxFj5kn3U+g=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHoxWNF+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WjmSToR3QoecgZNVZ6aPer/VLZrbhzkFXi5aQMORr90ldvELM0QmmYoFp3PTcxfkaV4UzgtNhLNSaUjekQu5ZKGqH2s/mpU3JulQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtO0YbgLb+8SlrVindZqd3XyvWbPI4CnMIZXIAHV1CHO2hAExgM4Rle4c0Rzovz7nwsWtecfOYE/sD5/AHdzY2J</latexit>

W2

<latexit sha1_base64="soymPTnW3CMo+0/1t4ca43xTqwE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALorjOY=</latexit>

Y
<latexit sha1_base64="2Wv5ptmGIvppLR8c8p5Q3ojSPwM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00O57/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVe+yWruvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AHcSY2I</latexit>

W1
<latexit sha1_base64="5s1GS/U4qnl6GSCGsxFj5kn3U+g=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHoxWNF+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WjmSToR3QoecgZNVZ6aPer/VLZrbhzkFXi5aQMORr90ldvELM0QmmYoFp3PTcxfkaV4UzgtNhLNSaUjekQu5ZKGqH2s/mpU3JulQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtO0YbgLb+8SlrVindZqd3XyvWbPI4CnMIZXIAHV1CHO2hAExgM4Rle4c0Rzovz7nwsWtecfOYE/sD5/AHdzY2J</latexit>

W2

<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

�

<latexit sha1_base64="SnYQS61M9QihKlqmdyE6xQ3C+Lw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUeEDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALuvjOc=</latexit>

Z

<latexit sha1_base64="2DfdF1l21+C75cp/xOVABOCQskw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqreZbV2X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuRmPPQ==</latexit>⇥ <latexit sha1_base64="2DfdF1l21+C75cp/xOVABOCQskw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqreZbV2X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuRmPPQ==</latexit>⇥

1 0 0

0 1 0
<latexit sha1_base64="2DfdF1l21+C75cp/xOVABOCQskw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqreZbV2X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuRmPPQ==</latexit>⇥

0 0 1

<latexit sha1_base64="SnYQS61M9QihKlqmdyE6xQ3C+Lw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUeEDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALuvjOc=</latexit>

Z



What makes this framework simple, fast, and flexible?

Recent Findings Powering our Framework:

• Larger (e.g. wider) neural networks generalize better.
• [Mikhail Belkin, Daniel Hsu, Siyuan Ma, Soumik Mandal, PNAS, 2019]

• Training infinite width neural networks is equivalent to solving kernel regression.
• [Arthur Jacot, Franck Gabriel, Clément Hongler, NeurIPS, 2018]

<latexit sha1_base64="g5D6+A2euNKrnWaaqaI7MVmtsLk=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBahbkoiRd0IRTcuK9iHtiFMppN26OTBzEQoof6KGxeKuPVD3Pk3TtostPXAwOGce7lnjhdzJpVlfRuFldW19Y3iZmlre2d3z9w/aMsoEYS2SMQj0fWwpJyFtKWY4rQbC4oDj9OON77O/M4jFZJF4Z2axNQJ8DBkPiNYack1y/foEvnuQ7UfYDXy/LQzPXHNilWzZkDLxM5JBXI0XfOrP4hIEtBQEY6l7NlWrJwUC8UIp9NSP5E0xmSMh7SnaYgDKp10Fn6KjrUyQH4k9AsVmqm/N1IcSDkJPD2ZRZSLXib+5/US5V84KQvjRNGQzA/5CUcqQlkTaMAEJYpPNMFEMJ0VkREWmCjdV0mXYC9+eZm0T2v2Wa1+W680rvI6inAIR1AFG86hATfQhBYQmMAzvMKb8WS8GO/Gx3y0YOQ7ZfgD4/MHKBmT1Q==</latexit>

Y = fZ(W)
<latexit sha1_base64="12W/AgbkanCB6GbDDJYPfI62u5w=">AAACB3icbVBNS8NAEN3Ur1q/oh4FWWyFeilJERVBKIrgsYJtqm0Im+22XbrZhN2NWEJvXvwrXjwo4tW/4M1/47bNQVsfDDzem2Fmnh8xKpVlfRuZufmFxaXscm5ldW19w9zcqsswFpjUcMhC0fCRJIxyUlNUMdKIBEGBz4jj9y9GvnNPhKQhv1GDiLgB6nLaoRgpLXnm7uUDCiJGTmHhFp5Bx7NhK+rRouOV4d1BwTPzVskaA84SOyV5kKLqmV+tdojjgHCFGZKyaVuRchMkFMWMDHOtWJII4T7qkqamHAVEusn4jyHc10obdkKhiys4Vn9PJCiQchD4ujNAqienvZH4n9eMVefETSiPYkU4nizqxAyqEI5CgW0qCFZsoAnCgupbIe4hgbDS0eV0CPb0y7OkXi7ZR6XD63K+cp7GkQU7YA8UgQ2OQQVcgSqoAQwewTN4BW/Gk/FivBsfk9aMkc5sgz8wPn8Ab2qWeQ==</latexit>

Example: Y = W1�(W2Z)

<latexit sha1_base64="8LVrqJucQl9xNwsjgr7UF8xAfX0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2bssV+qVUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP4+7jMo=</latexit>=

<latexit sha1_base64="soymPTnW3CMo+0/1t4ca43xTqwE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALorjOY=</latexit>

Y
<latexit sha1_base64="2Wv5ptmGIvppLR8c8p5Q3ojSPwM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00O57/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVe+yWruvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AHcSY2I</latexit>

W1
<latexit sha1_base64="5s1GS/U4qnl6GSCGsxFj5kn3U+g=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHoxWNF+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WjmSToR3QoecgZNVZ6aPer/VLZrbhzkFXi5aQMORr90ldvELM0QmmYoFp3PTcxfkaV4UzgtNhLNSaUjekQu5ZKGqH2s/mpU3JulQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtO0YbgLb+8SlrVindZqd3XyvWbPI4CnMIZXIAHV1CHO2hAExgM4Rle4c0Rzovz7nwsWtecfOYE/sD5/AHdzY2J</latexit>

W2

<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

�

<latexit sha1_base64="SnYQS61M9QihKlqmdyE6xQ3C+Lw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUeEDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALuvjOc=</latexit>

Z

<latexit sha1_base64="2DfdF1l21+C75cp/xOVABOCQskw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqreZbV2X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuRmPPQ==</latexit>⇥ <latexit sha1_base64="2DfdF1l21+C75cp/xOVABOCQskw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqreZbV2X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuRmPPQ==</latexit>⇥

Our Proposed Framework



An Over-parameterized Perspective

<latexit sha1_base64="JqesL3tHXj4TGk5MrLGTJy9mH8M=">AAACLnicbVBbS8MwGE29O29VH30JDmGCjnaI+iiK4KOC29R1ljRLt7gkLUkqjNJf5It/RR8EFfHVn2G6FbweCBzOOR/5vhPEjCrtOM/W2PjE5NT0zGxpbn5hccleXmmoKJGY1HHEInkRIEUYFaSuqWbkIpYE8YCRZtA/yv3mLZGKRuJcD2LS5qgraEgx0kby7WMPya7HqfBTjyPdC8K0mWXQUwn3U7p1k8HKZUG2YehfVb5Sm4W+eV3z7bJTdYaAf4lbkDIocOrbj14nwgknQmOGlGq5TqzbKZKaYkaykpcoEiPcR13SMlQgTlQ7HZ6bwQ2jdGAYSfOEhkP1+0SKuFIDHphkvqz67eXif14r0eF+O6UiTjQRePRRmDCoI5h3BztUEqzZwBCEJTW7QtxDEmFtGi6ZEtzfJ/8ljVrV3a3unO2UDw6LOmbAGlgHFeCCPXAATsApqAMM7sADeAGv1r31ZL1Z76PomFXMrIIfsD4+AdgcqFc=</latexit>

argmin
W

X

i,j

(Yi,j � fZ(W)i,j)
2We solve:

How should we select network width, k?

<latexit sha1_base64="8LVrqJucQl9xNwsjgr7UF8xAfX0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2bssV+qVUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP4+7jMo=</latexit>=

<latexit sha1_base64="soymPTnW3CMo+0/1t4ca43xTqwE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALorjOY=</latexit>

Y

<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

�

<latexit sha1_base64="SnYQS61M9QihKlqmdyE6xQ3C+Lw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUeEDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALuvjOc=</latexit>

Z

<latexit sha1_base64="2DfdF1l21+C75cp/xOVABOCQskw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqreZbV2X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuRmPPQ==</latexit>⇥ <latexit sha1_base64="2DfdF1l21+C75cp/xOVABOCQskw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqreZbV2X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuRmPPQ==</latexit>⇥

<latexit sha1_base64="M+fPy1fRxfhsuhbHoypoudBVtbI=">AAACCHicbVBNS8NAEN34WetX1aMHF4vgqSSlqMeiF49V7Ac0MWy2m3bpZhN2J0IJPXrxr3jxoIhXf4I3/42btgdtfTDweG+GmXlBIrgG2/62lpZXVtfWCxvFza3tnd3S3n5Lx6mirEljEatOQDQTXLImcBCskyhGokCwdjC8yv32A1Oax/IORgnzItKXPOSUgJH80lHbd7DLJXYjAoMgyG7H91kVu8AjpvFw7JfKdsWeAC8SZ0bKaIaGX/pyezFNIyaBCqJ117ET8DKigFPBxkU31SwhdEj6rGuoJGaPl00eGeMTo/RwGCtTEvBE/T2RkUjrURSYzvxcPe/l4n9eN4Xwwsu4TFJgkk4XhanAEOM8FdzjilEQI0MIVdzciumAKELBZFc0ITjzLy+SVrXinFVqN7Vy/XIWRwEdomN0ihx0juroGjVQE1H0iJ7RK3qznqwX6936mLYuWbOZA/QH1ucPf8+ZCQ==</latexit>

W1 2 R2⇥k

<latexit sha1_base64="5kR9+XdiNwhIJRUM/LERIn0Oqpg=">AAACCHicbVBNS8NAEJ34WetX1KMHF4vgqSSlqMeiF49V7Ac0sWy223bpZhN2N0IJPXrxr3jxoIhXf4I3/42bNgdtfTDweG+GmXlBzJnSjvNtLS2vrK6tFzaKm1vbO7v23n5TRYkktEEiHsl2gBXlTNCGZprTdiwpDgNOW8HoKvNbD1QqFok7PY6pH+KBYH1GsDZS1z5qdSvIYwJ5IdbDIEhvJ/fpCHmahVShyqRrl5yyMwVaJG5OSpCj3rW/vF5EkpAKTThWquM6sfZTLDUjnE6KXqJojMkID2jHUIHNHj+dPjJBJ0bpoX4kTQmNpurviRSHSo3DwHRm56p5LxP/8zqJ7l/4KRNxoqkgs0X9hCMdoSwV1GOSEs3HhmAimbkVkSGWmGiTXdGE4M6/vEialbJ7Vq7eVEu1yzyOAhzCMZyCC+dQg2uoQwMIPMIzvMKb9WS9WO/Wx6x1ycpnDuAPrM8fg3CZCg==</latexit>

W2 2 Rk⇥2

Key Idea:
Consider k extremely 

large (k goes to infinity).

⋮

⋮

<latexit sha1_base64="8LVrqJucQl9xNwsjgr7UF8xAfX0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2bssV+qVUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP4+7jMo=</latexit>=

<latexit sha1_base64="soymPTnW3CMo+0/1t4ca43xTqwE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALorjOY=</latexit>

Y
<latexit sha1_base64="2Wv5ptmGIvppLR8c8p5Q3ojSPwM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00O57/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVe+yWruvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AHcSY2I</latexit>

W1
<latexit sha1_base64="5s1GS/U4qnl6GSCGsxFj5kn3U+g=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHoxWNF+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WjmSToR3QoecgZNVZ6aPer/VLZrbhzkFXi5aQMORr90ldvELM0QmmYoFp3PTcxfkaV4UzgtNhLNSaUjekQu5ZKGqH2s/mpU3JulQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtO0YbgLb+8SlrVindZqd3XyvWbPI4CnMIZXIAHV1CHO2hAExgM4Rle4c0Rzovz7nwsWtecfOYE/sD5/AHdzY2J</latexit>

W2

<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

�

<latexit sha1_base64="SnYQS61M9QihKlqmdyE6xQ3C+Lw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUeEDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALuvjOc=</latexit>

Z

<latexit sha1_base64="2DfdF1l21+C75cp/xOVABOCQskw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqreZbV2X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuRmPPQ==</latexit>⇥ <latexit sha1_base64="2DfdF1l21+C75cp/xOVABOCQskw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqreZbV2X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuRmPPQ==</latexit>⇥



Benefits of Over-parameterization: Double Descent

Model Complexity

Ri
sk

Over-parameterizedUnder-parameterized

Interpolation Threshold

[Mikhail Belkin, Daniel Hsu, Siyuan Ma, Soumik Mandal, PNAS 2019]

Test Risk

Training Risk



Benefits of Extreme Over-parameterization

<latexit sha1_base64="Vb3kIUH8Q9DYiENN7MTU9/idJNA="></latexit>

f(x) = W1�(W2x) ; f : Rd ! R
Typically, neural nets as maps on data:

<latexit sha1_base64="B+HgyhSoA/A8zultmWm5tRq+VVo="></latexit>

fx(W) = W1�(W2x) ; f : Rp ! R
Instead, neural nets as maps on parameters:

Linearizing the above system around an initial set of weights:
<latexit sha1_base64="EjVqPa3ip/4mS0oTmHizfRsUG2U="></latexit>

f̃x(W) = fx(W
(0)) +rfx(W

(0))T (W �W(0)) This is a linear system in W.

Training the linear system above is equivalent to training the neural network, as width approaches infinity.



A Visualization to Provide Intuition

Data, X, in 2D that is not linearly separable.

<latexit sha1_base64="QRlFKTdZFTH2TZmCLuq5ispBsxg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+ien53Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcOno2p</latexit>x1

<latexit sha1_base64="AR8bw1iLV+h/TJ1WtHIGvCZC5c0=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStm7KFfvqqXadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AECKNqg==</latexit>x2

<latexit sha1_base64="IjTQNce+E/cMtQFb6emQP0QSJjE=">AAAB/XicbVDLSsNAFL3xWeurPnZuBovgqiRS1GXRjcsq9gFNLJPJtB06mYSZiVhD8FfcuFDErf/hzr9x0nahrQcGDufcyz1z/JgzpW3721pYXFpeWS2sFdc3Nre2Szu7TRUlktAGiXgk2z5WlDNBG5ppTtuxpDj0OW35w8vcb91TqVgkbvUopl6I+4L1GMHaSN3S/gNymUBuiPXA99Ob7C4Nsm6pbFfsMdA8caakDFPUu6UvN4hIElKhCcdKdRw71l6KpWaE06zoJorGmAxxn3YMFTikykvH6TN0ZJQA9SJpntBorP7eSHGo1Cj0zWSeUs16ufif10l079xLmYgTTQWZHOolHOkI5VWggElKNB8ZgolkJisiAywx0aawoinBmf3yPGmeVJzTSvW6Wq5dTOsowAEcwjE4cAY1uII6NIDAIzzDK7xZT9aL9W59TEYXrOnOHvyB9fkDY+mVNQ==</latexit>

x 2 Rd
<latexit sha1_base64="2HGZpl3jSR7wkUHyE0OUgXvi/e4=">AAACEnicbVC7TsMwFHV4lvIKMLJYVEjtUiWoAsYKFsaC6ENqQuS4TmvVcSLbQVRRvoGFX2FhACFWJjb+BqfNAC1HsnR8zr269x4/ZlQqy/o2lpZXVtfWSxvlza3tnV1zb78jo0Rg0sYRi0TPR5IwyklbUcVILxYEhT4jXX98mfvdeyIkjfitmsTEDdGQ04BipLTkmTWHI58hGHgPVSdEauQHaTerQYdyOPv76U12l8aZZ1asujUFXCR2QSqgQMszv5xBhJOQcIUZkrJvW7FyUyQUxYxkZSeRJEZ4jIakrylHIZFuOj0pg8daGcAgEvpxBafq744UhVJOQl9X5lvKeS8X//P6iQrO3ZTyOFGE49mgIGFQRTDPBw6oIFixiSYIC6p3hXiEBMJKp1jWIdjzJy+SzkndPq03rhuV5kURRwkcgiNQBTY4A01wBVqgDTB4BM/gFbwZT8aL8W58zEqXjKLnAPyB8fkDDmadwA==</latexit>

rfx(W) 2 RpNTK Feature Map

After transformation, 3D data is linearly separable. 

<latexit sha1_base64="QRlFKTdZFTH2TZmCLuq5ispBsxg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+ien53Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcOno2p</latexit>x1

<latexit sha1_base64="AR8bw1iLV+h/TJ1WtHIGvCZC5c0=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStm7KFfvqqXadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AECKNqg==</latexit>x2

<latexit sha1_base64="ckTMO4I5SLCnO39L8gO1oVLkc/c=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSIIQklKUY9FLx4r2A9o07DZbtqlm03c3ZSW0N/hxYMiXv0x3vw3btsctPXBwOO9GWbm+TFnStv2t7W2vrG5tZ3bye/u7R8cFo6OGypKJKF1EvFItnysKGeC1jXTnLZiSXHoc9r0h3czvzmiUrFIPOpJTN0Q9wULGMHaSO7Yc7pldInGXrlb9gpFu2TPgVaJk5EiZKh5ha9OLyJJSIUmHCvVduxYuymWmhFOp/lOomiMyRD3adtQgUOq3HR+9BSdG6WHgkiaEhrN1d8TKQ6VmoS+6QyxHqhlbyb+57UTHdy4KRNxoqkgi0VBwpGO0CwB1GOSEs0nhmAimbkVkQGWmGiTU96E4Cy/vEoa5ZJzVao8VIrV2yyOHJzCGVyAA9dQhXuoQR0IPMEzvMKbNbJerHfrY9G6ZmUzJ/AH1ucPfhKQoQ==</latexit>

x2
1 + x2

2



Neural Tangent Kernel (NTK)

Given a dataset: 
<latexit sha1_base64="rstuw3fcHmtQzq6ZxrAGufh5DBc=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJCSSFE3QtGNywr2Ak0aJtNpO3QyCTMTMYTs3Pgqblwo4tZXcOfbOG2z0OoPAx//OYcz5/cjRqWyrC+jsLC4tLxSXC2trW9sbpnbOy0ZxgKTJg5ZKDo+koRRTpqKKkY6kSAo8Blp++OrSb19R4SkIb9VSUTcAA05HVCMlLY8c99J73tphR5lxzCZgZN5Kb2ws17KM88sW1VrKvgX7BzKIFfDMz+dfojjgHCFGZKya1uRclMkFMWMZCUnliRCeIyGpKuRo4BIN53ekcFD7fThIBT6cQWn7s+JFAVSJoGvOwOkRnK+NjH/q3VjNTh3U8qjWBGOZ4sGMYMqhJNQYJ8KghVLNCAsqP4rxCMkEFY6upIOwZ4/+S+0Tqr2abV2UyvXL/M4imAPHIAKsMEZqINr0ABNgMEDeAIv4NV4NJ6NN+N91low8pld8EvGxzckoJjf</latexit>

{x(i), y(i)}ni=1

<latexit sha1_base64="8pIlQT6SE4vZvanbvMohfedRh7M="></latexit>

argmin
W

nX

i=1

(y(i) � fx(i)(W))2
<latexit sha1_base64="Resa98VIRhto6g7aFEIbK1+UiQc="></latexit>

argmin
w

nX

i=1

(y(i) � wrfx(i)(W(0)))2

As network widths go to infinity, these two problems yield the same functional solution:

Key Takeaways:  
• There is no need to train very wide neural networks.  Instead, we can solve kernel regression.
• Kernel regression can be solved efficiently on the GPU via EigenPro.  [Siyuan Ma, Mikhail Belkin, 2019]

For infinite width, solve kernel regression with the Neural Tangent Kernel (NTK):
<latexit sha1_base64="fPgAkDE/MRdNLDCoZ/1Iy+h7Huc="></latexit>

K(x, x0) = hrfx(W
(0)),rfx0(W(0))i



Simple and Fast Matrix Completion with the NTK
<latexit sha1_base64="JqesL3tHXj4TGk5MrLGTJy9mH8M=">AAACLnicbVBbS8MwGE29O29VH30JDmGCjnaI+iiK4KOC29R1ljRLt7gkLUkqjNJf5It/RR8EFfHVn2G6FbweCBzOOR/5vhPEjCrtOM/W2PjE5NT0zGxpbn5hccleXmmoKJGY1HHEInkRIEUYFaSuqWbkIpYE8YCRZtA/yv3mLZGKRuJcD2LS5qgraEgx0kby7WMPya7HqfBTjyPdC8K0mWXQUwn3U7p1k8HKZUG2YehfVb5Sm4W+eV3z7bJTdYaAf4lbkDIocOrbj14nwgknQmOGlGq5TqzbKZKaYkaykpcoEiPcR13SMlQgTlQ7HZ6bwQ2jdGAYSfOEhkP1+0SKuFIDHphkvqz67eXif14r0eF+O6UiTjQRePRRmDCoI5h3BztUEqzZwBCEJTW7QtxDEmFtGi6ZEtzfJ/8ljVrV3a3unO2UDw6LOmbAGlgHFeCCPXAATsApqAMM7sADeAGv1r31ZL1Z76PomFXMrIIfsD4+AdgcqFc=</latexit>

argmin
W

X

i,j

(Yi,j � fZ(W)i,j)
2Recall our goal for matrix completion: 

How do we compute the NTK? What are the training examples and what are the labels?

<latexit sha1_base64="ZLqgTK3t/z0EjOC8KEfVdz2vY7s=">AAACGXicbVDLSsNAFJ34rPUVdelmsAgVpCRS1I1QdONGqNAXtjFMppN22smDmYlQQ37Djb/ixoUiLnXl3zhps7CtBwYO55zL3HuckFEhDeNHW1hcWl5Zza3l1zc2t7b1nd2GCCKOSR0HLOAtBwnCqE/qkkpGWiEnyHMYaTrDq9RvPhAuaODX5Cgklod6PnUpRlJJtm649mOx4yHZd9y4mRzZMT0eJPAC3ig2SO5r0LXvpgJ6wSgZY8B5YmakADJUbf2r0w1w5BFfYoaEaJtGKK0YcUkxI0m+EwkSIjxEPdJW1EceEVY8viyBh0rpQjfg6vkSjtW/EzHyhBh5jkqmK4pZLxX/89qRdM+tmPphJImPJx+5EYMygGlNsEs5wZKNFEGYU7UrxH3EEZaqzLwqwZw9eZ40Tkrmaal8Wy5ULrM6cmAfHIAiMMEZqIBrUAV1gMETeAFv4F171l61D+1zEl3Qspk9MAXt+xdf+J/q</latexit>

fz(W)i,j = MT
ijfZ(W)

<latexit sha1_base64="xOP9QG8Ou05nkPCJSOF9Dz9r1bM="></latexit>

Mij =

2

6664

0 0 . . . 0
0 1 . . . 0
...

... . . .
...

0 0 . . . 0

3

7775 (1 in coordinate (i,j), 0 everywhere else)

<latexit sha1_base64="AJqdHzFXukZXQ7D6xK5h9du27jw=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEF6UkUtRl0Y0boYJ9SBPCZDppp51MwsxEKCG48VfcuFDErV/hzr9x2mahrQeGezjnXu7c48eMSmVZ30ZhaXllda24XtrY3NreMXf3WjJKBCZNHLFIdHwkCaOcNBVVjHRiQVDoM9L2R1cTv/1AhKQRv1PjmLgh6nMaUIyUljzzwElvvJQOswq817UyzJxsVj2zbFWtKeAisXNSBjkanvnl9CKchIQrzJCUXduKlZsioShmJCs5iSQxwiPUJ11NOQqJdNPpCRk81koPBpHQjys4VX9PpCiUchz6ujNEaiDnvYn4n9dNVHDhppTHiSIczxYFCYMqgpM8YI8KghUba4KwoPqvEA+QQFjp1Eo6BHv+5EXSOq3aZ9Xaba1cv8zjKIJDcAROgA3OQR1cgwZoAgwewTN4BW/Gk/FivBsfs9aCkc/sgz8wPn8A7w6XJg==</latexit>

{Mij , Yi,j}i,jDataset is actually:

Key Insight: Matrix completion with neural networks simply involves learning a map from coordinates to observations.

<latexit sha1_base64="7e4wIqrY2P4gcihYS3oDdPm1Glw=">AAACDnicbVDLSgMxFM3UV62vUZdugqVMhVJmpKgboehGKEIF+4B2GDJp2qbNZIYkI5ShX+DGX3HjQhG3rt35N6aPhbYeCPdwzr3c3ONHjEpl299GamV1bX0jvZnZ2t7Z3TP3D+oyjAUmNRyyUDR9JAmjnNQUVYw0I0FQ4DPS8IfXE7/xQISkIb9Xo4i4Aepx2qUYKS15Zq6Sv/USOhgX4KRaA2t8Ai9hpUULcFCA1NLFcj0zaxftKeAyceYkC+aoeuZXuxPiOCBcYYakbDl2pNwECUUxI+NMO5YkQniIeqSlKUcBkW4yPWcMc1rpwG4o9OMKTtXfEwkKpBwFvu4MkOrLRW8i/ue1YtW9cBPKo1gRjmeLujGDKoSTbGCHCoIVG2mCsKD6rxD3kUBY6QQzOgRn8eRlUj8tOmfF0l0pW76ax5EGR+AY5IEDzkEZ3IAqqAEMHsEzeAVvxpPxYrwbH7PWlDGfOQR/YHz+AJJdmKI=</latexit>

K(Mij ,Mi0j0) = K[i, j, i0, j0]Kernel is actually:



Simple and Fast Matrix Completion with the NTK
<latexit sha1_base64="g5D6+A2euNKrnWaaqaI7MVmtsLk=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBahbkoiRd0IRTcuK9iHtiFMppN26OTBzEQoof6KGxeKuPVD3Pk3TtostPXAwOGce7lnjhdzJpVlfRuFldW19Y3iZmlre2d3z9w/aMsoEYS2SMQj0fWwpJyFtKWY4rQbC4oDj9OON77O/M4jFZJF4Z2axNQJ8DBkPiNYack1y/foEvnuQ7UfYDXy/LQzPXHNilWzZkDLxM5JBXI0XfOrP4 hIEtBQEY6l7NlWrJwUC8UIp9NSP5E0xmSMh7SnaYgDKp10Fn6KjrUyQH4k9AsVmqm/N1IcSDkJPD2ZRZSLXib+5/US5V84KQvjRNGQzA/5CUcqQlkTaMAEJYpPNMFEMJ0VkREWmCjdV0mXYC9+eZm0T2v2Wa1+W680rvI6inAIR1AFG86hATfQhBYQmMAzvMKb8WS8GO/Gx3y0YOQ7ZfgD4/MHKBmT1Q==</latexit>

Y = fZ(W)
<latexit sha1_base64="12W/AgbkanCB6GbDDJYPfI62u5w=">AAACB3icbVBNS8NAEN3Ur1q/oh4FWWyFeilJERVBKIrgsYJtqm0Im+22XbrZhN2NWEJvXvwrXjwo4tW/4M1/47bNQVsfDDzem2Fmnh8xKpVlfRuZufmFxaXscm5ldW19w9zcqsswFpjUcMhC0fCRJIxyUlNUMdKIBEGBz4jj9y9GvnNPhKQhv1GDiLgB6nLaoRgpLXnm7uUDCiJGTmHhFp5Bx7NhK+rRouOV4d1BwTPzVskaA84SOyV5kKLqmV+tdojjgHCFGZKyaVuRchMkFMWMDHOtWJII4T7qkqamHAVEusn4jyHc10obdkKhiys4Vn9PJCiQchD4ujNAqienvZH4n9eMVefETSiPYkU4nizqxAyqEI5CgW0qCFZsoAnCgupbIe4hgbDS0eV0CPb0y7OkXi7ZR6XD63K+cp7GkQU7YA8UgQ2OQQVcgSqoAQwewTN4BW/Gk/FivBsfk9aMkc5sgz8wPn8Ab2qWeQ==</latexit>

Example: Y = W1�(W2Z)

<latexit sha1_base64="jJlGrlfqXXuuJfQtTzj961INikE=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokU9Vj04rGi/cA2lM120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFrp/rFX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrnFe+iUr2rlmvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QPlZ42O</latexit>

Z4

<latexit sha1_base64="ijcsWSZrsElwZGOkdOd/K2tvZ+I=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaVqEeiF48Y5RFhQ2aHBibMzm5mZk3Ihk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8HoZuo3n1BpHskHM47RD+lA8j5n1Fjp/rF73i2W3LI7A1kmXkZKkKHWLX51ehFLQpSGCap123Nj46dUGc4ETgqdRGNM2YgOsG2ppCFqP52dOiEnVumRfqRsSUNm6u+JlIZaj8PAdobUDPWiNxX/89qJ6V/5KZdxYlCy+aJ+IoiJyPRv0uMKmRFjSyhT3N5K2JAqyoxNp2BD8BZfXiaNs7J3Ua7cVUrV6yyOPBzBMZyCB5dQhVuoQR0YDOAZXuHNEc6L8+58zFtzTjZzCH/gfP4A4+ONjQ==</latexit>

Z3

<latexit sha1_base64="OBXlXJhR5GXthTpup0B6YDpJgwg=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4xyiPChswOvTBhdnYzM2tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaHSPJYPZpygH9GB5CFn1Fjp/rFX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStm7KFfvqqXadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8A4l+NjA==</latexit>

Z2

<latexit sha1_base64="Suc3rqoIuCQZv3EjM7Tv4tVJ6G8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPbUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbTS/WPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+ien53Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wfg242L</latexit>
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<latexit sha1_base64="CbOBnFDhmjLozWHRyj3yNGu2sus=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9kPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbTS/WPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+ien53Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wffVY2K</latexit>

Y1
<latexit sha1_base64="49bSGhutnDvDkG4uobJBe63ek38=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4xysPAhswOvTBhdnYzM2tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaHSPJYPZpygH9GB5CFn1Fjp/rFX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStm7KFfvqqXadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8A4NmNiw==</latexit>

Y2
<latexit sha1_base64="X9BNnHiNbTq4gP3w2qoXTQzJ+L4=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaVqEeiF48Y5WFgQ2aHBibMzm5mZk3Ihk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8HoZuo3n1BpHskHM47RD+lA8j5n1Fjp/rF73i2W3LI7A1kmXkZKkKHWLX51ehFLQpSGCap123Nj46dUGc4ETgqdRGNM2YgOsG2ppCFqP52dOiEnVumRfqRsSUNm6u+JlIZaj8PAdobUDPWiNxX/89qJ6V/5KZdxYlCy+aJ+IoiJyPRv0uMKmRFjSyhT3N5K2JAqyoxNp2BD8BZfXiaNs7J3Ua7cVUrV6yyOPBzBMZyCB5dQhVuoQR0YDOAZXuHNEc6L8+58zFtzTjZzCH/gfP4A4l2NjA==</latexit>

Y3
<latexit sha1_base64="gGdKGzdGMxtzkNZutm0krZiaJKA=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokU9Vj04rGi/ZA2lM120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFrp/rFX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrnFe+iUr2rlmvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QPj4Y2N</latexit>

Y4

Embed each drug NTK from Z to Y
.9

.3

.5

.4

.2

.7

.6

.1G
en

e 
Ex

pr
es

si
on .8

.1

.4

.2

.9

.1

.5

.3

Drug

Z encodes information about similarity between drugs.  This is a semi-supervised approach to matrix completion.



Flexibility through Feature Prior

Application Feature-Prior
Movie Rating Prediction Embedding of User & Movie

Drug Imputation Embedding of Drug
Image Inpainting/Reconstruction Embedding of Image Coordinates
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Application Specific Feature-Prior Space
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Application 1: Image Inpainting/Reconstruction
Corrupted Image (Y)Ground Truth
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Several channels of noise
Each pixel  ~ U[0, .1]

Only reconstruct 
observed pixels

Convolutional Net
(U-Net)

Reconstruction from Convolutional Net

Deep Image Prior
[Dmitry Ulyanov, Andrea Vedaldi, Victor Lempitsky, CVPR, 2018]



Application 1: Image Inpainting/Reconstruction

Masked Image Biharmonic Inpainting
(Scikit-Image Default)

Neural Network 
+ Sigmoid Last Layer

+ BatchNorm

CNTK

M
us

eu
m

R
id

er
Bi

cy
cl

e

Image CNTK
(PSNR) 

Neural Network
+ Sigmoid Last Layer

+ BatchNorm
(PSNR)

Biharmonic
(PSNR)

Museum 31.90 30.69 30.03

White Car 28.66 28.73 26.20

Bicycle 27.67 28.57 28.67

Chair 29.87 29.88 27.81

Car Field 28.91 29.94 27.67

Rider 29.20 27.76 29.38

Library 21.73 20.76 17.71

Vase 31.75 31.51 28.96

Pool 34.51 33.08 34.62

Average 29.36 28.99 27.89



Interpretability through CNTK

<latexit sha1_base64="7e4wIqrY2P4gcihYS3oDdPm1Glw=">AAACDnicbVDLSgMxFM3UV62vUZdugqVMhVJmpKgboehGKEIF+4B2GDJp2qbNZIYkI5ShX+DGX3HjQhG3rt35N6aPhbYeCPdwzr3c3ONHjEpl299GamV1bX0jvZnZ2t7Z3TP3D+oyjAUmNRyyUDR9JAmjnNQUVYw0I0FQ4DPS8IfXE7/xQISkIb9Xo4i4Aepx2qUYKS15Zq6Sv/USOhgX4KRaA2t8Ai9hpUULcFCA1NLFcj0zaxftKeAyceYkC+aoeuZXuxPiOCBcYYakbDl2pNwECUUxI+NMO5YkQniIeqSlKUcBkW4yPWcMc1rpwG4o9OMKTtXfEwkKpBwFvu4MkOrLRW8i/ue1YtW9cBPKo1gRjmeLujGDKoSTbGCHCoIVG2mCsKD6rxD3kUBY6QQzOgRn8eRlUj8tOmfF0l0pW76ax5EGR+AY5IEDzkEZ3IAqqAEMHsEzeAVvxpPxYrwbH7PWlDGfOQR/YHz+AJJdmKI=</latexit>

K(Mij ,Mi0j0) = K[i, j, i0, j0]Recall kernel is actually:

Any imputed pixel is the linear combinations of other pixels.   Kernel gives us weighting.

Uniform Random Feature Prior

2 Downsampling + Upsampling 4 Downsampling + Upsampling 6 Downsampling + Upsampling

Kernel Visualization for Coordinate (104, 14)

This is a good prior for images: each pixel is imputed as a combination of nearby pixels. 



Other Feature Priors are not as Effective

Reconstruction by 
CNTK

Heatmap for Coordinate (31, 95)

Heatmap for Coordinate (95, 95)

Masked 
Image

Identity Feature Prior

Reconstruction by Neural 
Network

Masked 
Image

Original 
Image

Reconstruction by 
CNTK



Application 2: Virtual Drug Screening
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Feature Prior Space:
Embedding of Drug and Cell Type Combination
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Examples of Feature-Priors

Drug and Cell Type Combination
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Drug and Cell Type Combination

Drug Embedding

Cell Type Embedding
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Imputation via Mean Over Cell Types Imputation via Re-weighting by 
Cell Type and Drug Similarity



Application 2: Virtual Drug Screening
Drug and Cell Type Availability Matrix
Dense Regime Sparse Regime

CMap
(Sparse Regime)

CMap
(Full Dataset)

*Higher is better, with a maximum of 1.

Evaluation 

Metric*

Mean Over Cell Type

(Naïve Baseline)

FaLRTC

(Liu et al. 2013)

DNPP

(Hodos et al. 2018)

NTK

(Ours)

Pearson r 0.374 ± 0.0004 0.545 ± 0.0003 0.556 ± 0.0003 0.572 ± 0.0002
Mean R2 0.134 ± 10^(-5) 0.286 ± 0.0003 0.296 ± 0.0004 0.320 ± 0.0002

Mean Cosine 

Similarity
0.371 ± 10^(-5) 0.536 ± 0.0004 0.541 ± 0.0004 0.554 ± 0.0002

Evaluation 

Metric*

Mean Over Cell Type

(Naïve Baseline)

FaLRTC

(Liu et al. 2013)

DNPP

(Hodos et al. 2018)

NTK

(Ours)

Pearson r 0.450 0.544 0.538 0.573
Mean R2 0.197 0.285 0.278 0.324

Mean Cosine 

Similarity
0.448 0.536 0.532 0.565

Dataset: 978 genes x 2130 drugs x 71 cell types
14,336 observations



Application 2: Virtual Drug Screening

AGS + Doxapram

U266 + Dasatinib
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Overview

• Benefits of Our Framework:
• Simple, fast: Connection between infinite width nets and kernel methods.
• Flexible: Connection between feature prior and semi-supervised learning.

• Resources:
• Our Paper: https://arxiv.org/abs/2108.00131
• Our Matrix Completion Code: https://github.com/uhlerlab/ntk_matrix_completion
• Tutorial on NTK: https://github.com/aradha5772/deep_learning_theory_tutorial

• Significance/Future Directions:
• Our NTK framework is an accessible way to achieve competitive results for a variety of matrix 

completion applications. 
• Utilize multimodal data and extend to additional modalities e.g., tensors, audio, and video. 

https://arxiv.org/abs/2108.00131
https://github.com/uhlerlab/ntk_matrix_completion
https://github.com/aradha5772/deep_learning_theory_tutorial

