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Long "Continuous" Time Series

Time series sampled from an underlying (continuous) physical process

EEG/ECG Speech

1

Energy Forecasting



Sequence Modeling Paradigms
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Deep Sequence Model
Sequence-to-sequence map

Sequence Model Layer

(batch, length, dim)

(batch, length, dim)

Continuous-time Model Recurrent Neural Net. Convolutional Neural Net. Transformer



Paradigms for Long Time Series

Continuous data
Irregular sampling

Complex, very inefficient
Vanishing gradients

Inefficient training
Vanishing gradients

Easy optimization
Parallelizable training

Unbounded context
Stateful inference

Inefficient inference
Bounded context

Continuous-time (CTM) Recurrent (RNN) Convolutional (CNN)

✓

✗

✓

✗

✓

✗

Existing model families have clear tradeoffs
All struggle with long-range dependencies (LRD) 3



Structured State Spaces (S4)
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Long Range Arena
Benchmark spanning text, images, symbolic reasoning (length 1K-16K) Path-X
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Outline
• State space models (SSM) for deep sequence modeling

• Structured state spaces (S4) for long-term dependencies

• Solving LRDs in practice
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State Space Models (SSM)
<latexit sha1_base64="1Wq3/i5SB7VD9BZZ1lssfh2mcOw="></latexit>

x0(t) = Ax(t) +Bu(t)

y(t) = Cx(t) +Du(t)

1D input
u(t)

1D output
y(t)

<latexit sha1_base64="KITYIV+ZeikXc0eS2wI+O0H7vlA="></latexit>

A 2 RN⇥N

B 2 RN⇥1

C 2 R1⇥N

D 2 R1⇥1

Parameters
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Function-to-function map
<latexit sha1_base64="kI08HNCumkqMNNr0860a5fKcnC8=">AAACKnicbVDLTgIxFG3xhfgCXbppJCa4ITOGqEuiG5eYyCOBCel0CjS0M03bQScTPsWtbvwad8StH2KBWQh4kian596be8/xJWfaOM4M5ra2d3b38vuFg8Oj45Ni6bSlo1gR2iQRj1THx5pyFtKmYYbTjlQUC5/Ttj9+mNfbE6o0i8Jnk0jqCTwM2YARbKzUL5biirlCPYGlNhFK7KdfLDtVZwG0SdyMlEGGRr8EYS+ISCxoaAjHWnddRxovxcowwum00Is1lZiM8ZB2LQ2xoNpLF7dP0aVVAjSIlH2hQQv170SKhdaJ8G2nwGak12tz8b9aNzaDOy9loYwNDcly0SDmyNqcB4ECpigxPLEEE8XsrYiMsMLE2LhWtvhi1UMwYVJnLl6XNmxo7npEm6R1XXVvqrWnWrl+n8WXB+fgAlSAC25BHTyCBmgCAl7AG3gHH/ATfsEZ/F625mA2cwZWAH9+AdD5pmM=</latexit>

u(t) 7! y(t)

Input → State
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Function-to-function map
<latexit sha1_base64="kI08HNCumkqMNNr0860a5fKcnC8=">AAACKnicbVDLTgIxFG3xhfgCXbppJCa4ITOGqEuiG5eYyCOBCel0CjS0M03bQScTPsWtbvwad8StH2KBWQh4kian596be8/xJWfaOM4M5ra2d3b38vuFg8Oj45Ni6bSlo1gR2iQRj1THx5pyFtKmYYbTjlQUC5/Ttj9+mNfbE6o0i8Jnk0jqCTwM2YARbKzUL5biirlCPYGlNhFK7KdfLDtVZwG0SdyMlEGGRr8EYS+ISCxoaAjHWnddRxovxcowwum00Is1lZiM8ZB2LQ2xoNpLF7dP0aVVAjSIlH2hQQv170SKhdaJ8G2nwGak12tz8b9aNzaDOy9loYwNDcly0SDmyNqcB4ECpigxPLEEE8XsrYiMsMLE2LhWtvhi1UMwYVJnLl6XNmxo7npEm6R1XXVvqrWnWrl+n8WXB+fgAlSAC25BHTyCBmgCAl7AG3gHH/ATfsEZ/F625mA2cwZWAH9+AdD5pmM=</latexit>

u(t) 7! y(t)

State → Output



SSM: Continuous Representation
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Computing with SSMs: Recurrent View

1. Discretize
<latexit sha1_base64="Q0jASBGKXInxIuU+CPOtJyOQtjI="></latexit>

A = I +�A

2. Recurrent "hidden state"

3. Out projection

Can be computed with linear recurrence, similar to RNNs
11

<latexit sha1_base64="q6jj3GzNz+G7azDtwnVkKZdG/Zc="></latexit>

x0(t) = Ax(t) +Bu(t)

y(t) = Cx(t) +Du(t)

<latexit sha1_base64="2t0eZl0cFIrXLwYrYEOt9JGnTWs="></latexit>

xk = Axk�1 +Buk

<latexit sha1_base64="KITYIV+ZeikXc0eS2wI+O0H7vlA="></latexit>

A 2 RN⇥N

B 2 RN⇥1

C 2 R1⇥N

D 2 R1⇥1

Parameters

<latexit sha1_base64="8oU3p3lAhUAMD5Y8DK/pzA+9w9Q="></latexit>

� 2 R
<latexit sha1_base64="r+w+tG8WGClpejqGAx8Lj+ywHeQ="></latexit>

xk = Axk�1 +Buk

yk = Cxk +Duk



SSM: Recurrent Representation
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Computing with SSMs: Convolution View

Can explicitly unroll the linear recurrence in closed form

13

<latexit sha1_base64="yx628Crvl8UvjOeuvt/ggJHO75A="></latexit>

xk = Axk�1 +Buk

yk = Cxk



Computing with SSMs: Convolution View

Can explicitly unroll the linear recurrence in closed form

<latexit sha1_base64="IF7oBXleIrsl18sX3fgYjFC7kXQ="></latexit>

x0 = Bu0 x1 = ABu0 +Bu1 x2 = A
2
Bu0 +ABu1 +Bu2 . . .

y0 = CBu0 y1 = CABu0 +CBu1 y2 = CA
2
Bu0 +CABu1 +CBu2 . . .
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Computing with SSMs: Convolution View

Can explicitly unroll the linear recurrence in closed form

<latexit sha1_base64="IF7oBXleIrsl18sX3fgYjFC7kXQ="></latexit>
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<latexit sha1_base64="yx628Crvl8UvjOeuvt/ggJHO75A="></latexit>

xk = Axk�1 +Buk

yk = Cxk



Computing with SSMs: Convolution View

Can be computed with convolutions, similar to CNNs

<latexit sha1_base64="XVsXwq0gzqamN2Cb98+BuDwfYik="></latexit>

yk = CA
k
Bu0 +CA

k�1
Bu1 + · · ·+CABuk�1 +CBuk
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<latexit sha1_base64="USryCksUgJdqFg5dtHKQgiHHo9s="></latexit>

K 2 RL := (CB,CAB, . . . ,CA
L�1

B)

<latexit sha1_base64="wChPLf5VBPuLCRL03+t6+UyY7jA="></latexit>

y = K ⇤ u



SSM: Convolutional Representation
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Summary: Properties of SSMs

𝑥̇ = 𝐴𝑥 + 𝐵𝑢
𝑦 = 𝐶𝑥 + 𝐷𝑢

𝑥 = 𝐴̅𝑥 + #𝐵𝑢
𝑦 = ̅𝐶𝑥 + %𝐷𝑢

𝑦 = %𝐾 ∗ 𝑢

Continuous 
Representation

Recurrent 
Representation

𝑥𝑢 𝑦

𝐴

Convolutional 
Representation

Discretize Unroll

mathematically tractable
handles irregular data

unbounded context
efficient inference

easy optimization
parallelizable training

✓
✓

✓
✓

✓
✓
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Summary: Properties of SSMs

𝑥̇ = 𝐴𝑥 + 𝐵𝑢
𝑦 = 𝐶𝑥 + 𝐷𝑢

𝑥 = 𝐴̅𝑥 + #𝐵𝑢
𝑦 = ̅𝐶𝑥 + %𝐷𝑢

𝑦 = %𝐾 ∗ 𝑢

Continuous 
Representation

Recurrent 
Representation

𝑥𝑢 𝑦

𝐴

Convolutional 
Representation

Discretize Unroll

CNN: Efficient training, scalability
19



Summary: Properties of SSMs

𝑥̇ = 𝐴𝑥 + 𝐵𝑢
𝑦 = 𝐶𝑥 + 𝐷𝑢

𝑥 = 𝐴̅𝑥 + #𝐵𝑢
𝑦 = ̅𝐶𝑥 + %𝐷𝑢

𝑦 = %𝐾 ∗ 𝑢

Continuous 
Representation

Recurrent 
Representation

𝑥𝑢 𝑦

𝐴

Convolutional 
Representation

Discretize Unroll

RNN: Efficient autoregressive inference
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Summary: Properties of SSMs

𝑥̇ = 𝐴𝑥 + 𝐵𝑢
𝑦 = 𝐶𝑥 + 𝐷𝑢

𝑥 = 𝐴̅𝑥 + #𝐵𝑢
𝑦 = ̅𝐶𝑥 + %𝐷𝑢

𝑦 = %𝐾 ∗ 𝑢

Continuous 
Representation

Recurrent 
Representation

𝑥𝑢 𝑦

𝐴

Convolutional 
Representation

Discretize Unroll

CTM: Handle continuous time series
21



Summary: Properties of SSMs

𝑥̇ = 𝐴𝑥 + 𝐵𝑢
𝑦 = 𝐶𝑥 + 𝐷𝑢

𝑥 = 𝐴̅𝑥 + #𝐵𝑢
𝑦 = ̅𝐶𝑥 + %𝐷𝑢

𝑦 = %𝐾 ∗ 𝑢

Continuous 
Representation

Recurrent 
Representation

𝑥𝑢 𝑦

𝐴

Convolutional 
Representation

Discretize Unroll

Simple & principled... why haven't SSMs been used in deep learning?
22



Outline
• State space models (SSM) for deep sequence modeling

• Structured state spaces (S4) for long-term dependencies

• Solving LRDs in practice
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Challenges of Deep SSMs
SSMs inherit properties of CTMs, RNNs, CNNs... including problems with LRDs1

SSMs have nice properties provided that representations 𝐴̅ and #𝐾 are known2
...but computing them is extremely hard!

with random matrix A: 50% on MNIST

Modeling 
Challenge

Computation 
Challenge

24

<latexit sha1_base64="q6jj3GzNz+G7azDtwnVkKZdG/Zc="></latexit>

x0(t) = Ax(t) +Bu(t)

y(t) = Cx(t) +Du(t)



Challenges of Deep SSMs

1

Powering up 𝑨 → vanishing gradients?

Long-range Dependencies

2 Computation

Powering up 𝑨 → 𝑂 𝑁!𝐿 computation
Ideal: 𝑂 𝐿 computation

25

𝑁 ≈ 100

<latexit sha1_base64="nQMJjGZk88+hVRsZPo5n8Q578cQ="></latexit>

K = (CB,CAB, . . . ,CA
L�1

B)



Outline
• State space models (SSM) for deep sequence modeling

• Structured state spaces (S4) for long-term dependencies
• Continuous-time memory with HiPPO
• S4: new parameterization and algorithms

• Solving LRDs in practice
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Online Function Approximation

𝑢(𝑡)

Goal: Study memorization in the continuous setting

Time 𝑡
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𝑢(𝑡)
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Online Function Approximation

𝑡5

Goal: Study memorization in the continuous setting

𝑢(𝑡)

29



Online Function Approximation

𝑡5

Goal: Study memorization in the continuous setting

𝑢(𝑡)

30



Online Function Approximation

𝑥(𝑡!) =
0.1
−1.1
3.7
2.5

𝑡5

Goal: Study memorization in the continuous setting

𝑢(𝑡)

31



Online Function Approximation

𝑡5 𝑡?

𝑥(𝑡!) =
0.1
−1.1
3.7
2.5

𝑢(𝑡)

Goal: Study memorization in the continuous setting
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Online Function Approximation

𝑡5 𝑡?

𝑥(𝑡!) =
0.1
−1.1
3.7
2.5

𝑢(𝑡)

Goal: Study memorization in the continuous setting
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Online Function Approximation

𝑥(𝑡") =
1.5
2.9
−0.3
2.0

𝑡5 𝑡?

𝑥(𝑡!) =
0.1
−1.1
3.7
2.5 update

𝑢(𝑡)

Goal: Study memorization in the continuous setting
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Online Function Approximation

𝑥(𝑡") =
1.5
2.9
−0.3
2.0

𝑡5 𝑡?

𝑥(𝑡!) =
0.1
−1.1
3.7
2.5 update

𝑢(𝑡)

At every time 𝑡: maintain state 𝑥 𝑡 ∈ ℝA
that encodes the history of 𝑢 up to time 𝑡

35



HiPPO: Continuous-time Memorization

<latexit sha1_base64="2CB3STjEu49VSvr57wB1kbeYJUo="></latexit>

Ank =

8
><

>:

(2n+ 1)1/2(2k + 1)1/2 if n > k

n+ 1 if n = k

0 if n < k

, Bn = (2n+ 1)
1
2

Theorem (informal)

For any (suitably behaved) approximation measure 𝜔
there exists a HiPPO operator such that
𝑥 optimally memorizes the history of 𝑢 w.r.t. 𝜔

<latexit sha1_base64="1hm7y7lTUZ6E6AuHsgKRtdQudGo="></latexit>

x0(t) = Ax(t) +Bu(t)

G.*, Dao*, Ermon, Rudra, Ré. "HiPPO: Recurrent Memory with Optimal Polynomial Projections." NeurIPS 2020

G., Johnson, Goel, Saab, Dao, Rudra, Ré. "Combining Recurrent, Convolutional, and Continuous-time Models with Linear State Space Layers." NeurIPS 2021
36



Outline
• State space models (SSM) for deep sequence modeling

• Structured state spaces (S4) for long-term dependencies
• Continuous-time memory with HiPPO
• S4: new parameterization and algorithms

• Solving LRDs in practice
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Structured State Spaces (S4)

Theorem (informal)

Class of HiPPO operators A are structured (e.g. quasiseparable)
Allow computation of SSM kernel in -𝑂 𝑁 + 𝐿 operations

G., Johnson, Goel, Saab, Dao, Rudra, Ré. "Combining Recurrent, Convolutional, and Continuous-time Models with Linear State Space Layers." NeurIPS 2021

De sa, G., Puttagunta, Ré, Rudra. "A two-pronged progress in structured dense matrix vector multiplication." SODA 2018

<latexit sha1_base64="2CB3STjEu49VSvr57wB1kbeYJUo="></latexit>

Ank =

8
><

>:

(2n+ 1)1/2(2k + 1)1/2 if n > k

n+ 1 if n = k

0 if n < k

, Bn = (2n+ 1)
1
2

38
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K 2 RL := (CB,CAB, . . . ,CA
L�1

B)



Structured State Spaces (S4)

G., Goel, Ré. "Efficiently Modeling Long Sequences with Structured State Spaces." 39

<latexit sha1_base64="USryCksUgJdqFg5dtHKQgiHHo9s="></latexit>

K 2 RL := (CB,CAB, . . . ,CA
L�1

B)



Challenges of Deep SSMs
SSMs inherit problems with LRDs1

SSMs have trouble computing #𝐾2

generic 𝑨 → 50% on MNIST ✗
HiPPO 𝑨 → 99% on MNIST ✓

generic 𝑨 → 𝑂 𝑁B𝐿 computation
HiPPO 𝑨 → -𝑂 𝑁 + 𝐿 computation

✗
✓

40



S4: Making Deep SSMs Practical

𝑥̇ = 𝐴𝑥 + 𝐵𝑢
𝑦 = 𝐶𝑥 + 𝐷𝑢

𝑥 = 𝐴̅𝑥 + #𝐵𝑢
𝑦 = ̅𝐶𝑥 + %𝐷𝑢

𝑦 = %𝐾 ∗ 𝑢

Continuous 
Representation

Recurrent 
Representation

𝑥𝑢 𝑦

𝐴

Convolutional 
Representation

Discretize Unroll

𝐴 =
1 0 0
1 2 0
1 3 3

Continuous-time
Memorization

Class of structured state spaces 𝑨 that
resolves LRD and computational challenges

Modeling 
LRD

Computing 
conv. kernel 

41



Outline
• State space models (SSM) for deep sequence modeling

• Structured state spaces (S4) for long-term dependencies
• Continuous-time memory with HiPPO
• S4: new parameterization and algorithms

• Solving LRDs in practice

42



Deep S4 for General Sequence Modeling

Normalization

Linear

S4

(batch, length, dim)

(batch, length, dim)

• Images
• Text
• Audio
• Time series

Modalities
• Classification
• Regression
• Generation
• Forecasting

Tasks



Sequential Image Classification

Transformers

CNNs

RNNs

SSMs
44



Speech Classification
• Speech is difficult because LRD:
1 second clip = length-16000

• Speech pipelines require feature 
engineering

• e.g. Mel-frequency Cepstrum
Coefficients (MFCC) (length 160)

Transformers

CTMs

RNNs

SSMs

CNNs

45



Speech Classification

88x larger 
than S4

Raw data requires 
specialized CNNs

L=160 L=16000

46



Speech Classification

Irregular Continuous Data
Missing values
Varying sampling rates

Train: 
16K Hz

Test: 
8K Hz

47



Using the Continuous View

𝑥̇ = 𝐴𝑥 + 𝐵𝑢
𝑦 = 𝐶𝑥 + 𝐷𝑢

𝑥 = 𝐴̅𝑥 + #𝐵𝑢
𝑦 = ̅𝐶𝑥 + %𝐷𝑢

𝑦 = %𝐾 ∗ 𝑢

Continuous 
Representation

Recurrent 
Representation

𝑥𝑢 𝑦

𝐴

Convolutional 
Representation

Discretize Unroll

Just choose a different step size Δ!  
48



Questions for the Continuous View

𝑥̇ = 𝐴𝑥 + 𝐵𝑢
𝑦 = 𝐶𝑥 + 𝐷𝑢

𝑥 = 𝐴̅𝑥 + #𝐵𝑢
𝑦 = ̅𝐶𝑥 + %𝐷𝑢

𝑦 = %𝐾 ∗ 𝑢

Continuous 
Representation

Recurrent 
Representation

𝑥𝑢 𝑦

𝐴

Convolutional 
Representation

Discretize Unroll

Self-supervision at multiple frequencies?
Zero-shot super-resolution? 49



Long Range Arena
Benchmark spanning text, images, symbolic reasoning (length 1K-16K) Path-X

50



Long Range Arena

As efficient as the best 
"efficient Transformers" 

51

Benchmark spanning text, images, symbolic reasoning (length 1K-16K)



Large-scale Generative Modeling: LM

WikiText-103 (perplexity)

Same 
backbone

SotA for attention-free models – 60X faster generation
52



Questions for the Recurrent View

𝑥̇ = 𝐴𝑥 + 𝐵𝑢
𝑦 = 𝐶𝑥 + 𝐷𝑢

𝑥 = 𝐴̅𝑥 + #𝐵𝑢
𝑦 = ̅𝐶𝑥 + %𝐷𝑢

𝑦 = %𝐾 ∗ 𝑢

Continuous 
Representation

Recurrent 
Representation

𝑥𝑢 𝑦

𝐴

Convolutional 
Representation

Discretize Unroll

Natural autoregressive / stateful settings (RL, robotics)?
Beyond fixed windows: unbounded context? 53



Time Series Forecasting

Forecast

S3 Layers

Context Forecast Window

encode

Decoder

Outputs

Masked Multi-head
ProbSparse

Self-attention

Multi-head
Attention

Encoder

Inputs:    Xen

Concatenated Feature Map

Inputs:    Xde={Xtoken, X0}

0 0 0 0 0 0 0

Fully Connected Layer

Multi-head
ProbSparse

Self-attention

Multi-head
ProbSparse

Self-attention

Informer

S3
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Future Applications for S4

Normalization

Linear

S4

(batch, length, dim)

(batch, length, dim)

• Audio generation
• Large scale audio pre-training
• Applications to more time series
• S4 + Transformers for language modeling
• 2D + 3D versions of S4 (images, video)

Looking for more applications!



Thanks!
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Karan Goel Khaled Saab Tri Dao Chris Ré

Code https://github.com/HazyResearch/state-spaces

Blogs https://hazyresearch.stanford.edu/blog/2022-01-14-s4-1
• "HiPPO: Recurrent Memory with Optimal Polynomial Projections" 

https://arxiv.org/abs/2008.07669
• "Combining Recurrent, Convolutional, and Continuous-time Models with 

Linear State Space Layers" https://arxiv.org/abs/2110.13985
• "Efficiently Modeling Long Sequences with Structured State Spaces" 

arxiv.org/abs/2111.00396

Papers

Isys Johnson
Atri Rudra

Contact albertgu@stanford.edu
https://srush.github.io/annotated-s4/

krng@stanford.edu

https://hazyresearch.stanford.edu/blog/2022-01-14-s4-1
https://arxiv.org/abs/2008.07669
https://arxiv.org/abs/2110.13985
https://t.co/vziQWpZCPM?amp=1
https://srush.github.io/annotated-s4/

